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Abstract
The point-splitting regularization technique for composite operators is discussed in con-
nection with anomaly calculation. We present a pedagogical and self-contained review of the
topic with an emphasis on the technical details. We also develop simple algebraic tools to
handle the path ordered exponential insertions used within the covariant and non-covariant
version of the point-splitting method. The method is then applied to the calculation of the
chiral, vector, trace, translation and Lorentz anomalies within diverse versions of the point-
splitting regularization and a connection between the results is described. As an alternative
to the standard approach we use the idea of deformed point-split transformation and cor-
responding Ward-Takahashi identities rather than an application of the equation of motion,
which seems to save the complexity of the calculations.
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1 Introduction
The point-splitting regularization of the composite operators is a method which has a long
history. The early works [1] date back more than fifty years ago. The idea of the method
is very simple: the slightly different space time points are assigned to the elementary fields
from which a composite operator is built. As a result, the short distance singularities of the
composite operator which appear in the limit of the coinciding points are regulated. E.g. the
fermionic electromagnetic current
Jemµ (x) = eψ(x)γµψ(x) (1)
can be regulated according to the prescription
Jemµ (x)
reg = eψ(x+ ε)γµψ(x− ε) (2)
and the short distance (UV) singularities can be isolated as the divergent terms in the expan-
sion of the regularized expression for ε → 0. However, the naive form of the point-splitting
(2) suffers from the violation of the U(1)em gauge invariance. This loophole can be cured
introducing a suitable compensating factor, the gauge invariant regulated current can be
constructed as
Jemµ (x)
reg = eψ(x+ ε)γµψ(x− ε) exp
(
ie
∫ x+ε
x−ε
dy ·A(y)
)
. (3)
Various modifications of this approach were described in the literature [2], and the point-
splitting method still attracts interest in various contexts [3].
One of the most important applications of this regularization scheme is the calculation
of the quantum anomalies. The first calculation of such a type was done already in the
pioneering work [4] on the Adler-Bell-Jackiw anomaly and was also systematically used in the
fundamental work [5] to get the general form of the nonabelian anomaly. It also proved to be
a suitable tool for the calculation of the anomalies connected with the trace and divergence of
the energy-momentum tensor [6] in the gravitational background. Since the time of the first
works on this topic, the point-splitting regularization method has become a well-understood
standard routine.
In this short review we attempt to present a self-contained pedagogical introduction to
the method and its application to the anomaly calculation with an emphasis on the technical
details and the language of the contemporary field theory. We also offer a rather nonstandard
approach to the derivation of the anomalies in terms of the Ward-Takahashi identities for
deformed point-split transformations rather then using the equations of motion, which seems
to save the complexity of the calculations.
The paper is organized as follows. In Section 2 we concentrate on the problem of the short
distance singularities of the fermion propagator in the background of a nonabelian gauge field
and the heat kernel method is briefly reviewed. In Section 3 we outline the general strategy of
the anomalies calculation. In Section 4, 5, 6, 7 and 8 we illustrate this general strategy using
the concrete examples of the chiral, trace, translational and Lorentz anomalies respectively.
The non-covariant point-splitting and the corresponding modifications of the anomalies are
described in Section 9. The properties of the vector current in various versions of the point-
splitting and integrability of the vector current are discussed in Section 10. Some of the
technical details are postponed to Appendices A and B.
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2 The singularities of the fermion propagator at short dis-
tances, the heat kernel method
In this section we give a pedagogical overview of one of the most efficient methods for obtaining
the short distance properties of the euclidean propagator of the fermions in the background
nonabelian gauge field. This method is based on the properties of the so called heat kernel,
associated with a suitable elliptic differential operator of the second order. We also introduce
some notation which will be useful in the rest of the article.
Let us first consider the following elliptic operator, operating on the sections of some
Hermitian vector bundle over four-dimensional flat Euclidean space
∆ = −D2 + V, (4)
where the covariant derivative is given as
D = ∂ +A (5)
and the gauge field A and the (positive) potential V satisfy the following hermiticity properties
A+ = −A, V + = V, (6)
i.e. the operator ∆ is positive and Hermitian. Let us define an Euclidean “scalar propagator
with mass m” as the x-representation matrix element of the inverse of the operator ∆ +m2
G(x, y;m2) = (x|(∆ +m2)−1|y). (7)
First we will investigate the |x−y| → 0 asymptotics of this propagator with a general potential
V . The result (with specific choice of the potential V ) will be then used to obtain the short
distance behavior of the fermion propagator defined as the inverse of the Dirac operator
γ ·D + im
S(x, y;m) = (x|(γ ·D + im)−1|y) (8)
where γµ are the antihermitian Euclidean γ− matrices, which satisfy the anticommutation
relations
{γα, γβ} = −2δαβ . (9)
Let us introduce now the key object of our further considerations. The heat kernel
G(x, y; τ) of the elliptic operator ∆ given by the formula (4) is defined as the kernel (i.e.
the x-representation matrix element) of the operator e−τ∆, explicitly
G(x, y; τ) = (x|e−τ∆|y). (10)
The heat kernel satisfies the following partial differential equation,
−
∂
∂τ
G(x, y; τ) = ∆G(x, y; τ), (11)
with the initial condition
lim
τ→0
G(x, y; τ) = δ(4)(x− y). (12)
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Let us summarize some of its properties. If we find the solution of the equation (11) in the
form 3
G(x, y; τ) =
1
(4piτ)2
e−
|x−y|2
4τ F (x, y; τ), (13)
the initial condition (12) requires then
lim
τ→0
F (x, y; τ) = 1. (14)
Assuming for the function F (x, y; τ) the following asymptotic expansion [7] for τ → 0
F (x, y; τ) =
∞∑
n=0
an(x, y)τ
n, (15)
the coefficients of this expansion satisfy then the following set of recursion relations, which can
be obtained by inserting the asymptotics (15) to the equation (11) with the initial condition
(12)
(x− y) ·Dxa0(x, y) = 0, a0(x, x) = 1,
nan(x, y) + (x− y) ·Dxan(x, y) = −∆xan−1(x, y). (16)
The coefficients an(x, y) (known as the Seeley-DeWitt coefficients
4 [8]) are smooth for |x−y| →
0. Let us indicate, how these relations can be explicitly solved. Introducing (with x and y
fixed)
xt = y + t(x− y) (17)
and using the first relation (16), we get for a0(xt, y) the following ordinary differential equation
d
dt
a0(xt, y) = −(x− y) · A(xt)a0(xt, y), (18)
with the initial condition a0(x0, y) = 1, which can be easily solved in terms of the T -ordered
exponential
a0(xt, y) = T exp
(
−
∫ t
0
dt(x− y) ·A(xt)
)
. (19)
a0(x, y) is then given by the following formula
a0(x, y) = a0(x1, y) = T exp
(
−
∫ 1
0
dt(x− y) ·A(xt)
)
= Ω(x, y) (20)
as the parallel transporter Ω(x, y) along the straight line connecting the points x and y . In
the same way we get the following differential equation for a1(xt, y)
d
dt
ta1(xt, y) = −(x− y) · A(xt)ta1(xt, y)−∆xta0(xt, y), (21)
3Let us note, that ∆
(4)
E (x, 0) =
∫∞
0
dτ 1
(4piτ)2
e−
|x−y|2
4τ = 1
4pi2
1
|x−y|2
corresponds to the free scalar Euclidean
propagator with zero mass.
4For a review and complete list of references see also [9].
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the solution of which can be expressed in terms of the known coefficient a0(xt, y)
ta1(xt, y) = −a0(xt, y)
∫ t
0
dτa0(xτ , y)
−1∆xτa0(xτ , y), (22)
therefore
a1(x, y) = −a0(x, y)
∫ 1
0
dta0(xt, y)
−1∆xta0(xt, y)
= −
∫ 1
0
dta0(x, xt)∆xta0(xt, y) (23)
(here we used simple properties of the coefficient a0(x, y), namely a0(x, y)
−1 = a0(y, x) and
a0(x, y)a0(y, z) = a0(x, z); valid for x, y, z on the same line). The generalization of this
procedure for general n is straightforward, the general formula reads
an(x, y) = −
∫ 1
0
dttn−1a0(x, xt)∆xtan−1(xt, y). (24)
Let us now use the properties of the heat kernel to get the short distance asymptotics of
the scalar propagator G(x, y;m2). This can be achieved by expressing it in terms of the heat
kernel as
G(x, y;m2) =
∫
∞
0
dτe−τm
2
G(x, y; τ); (25)
this formula is known as the Schwinger proper-time representation of the propagator. The
short distance asymptotics of G(x, y;m2) can be then obtained as a consequence of the τ → 0
asymptotics of the heat kernel G(x, y; τ). Indeed, from the Schwinger representation of the
scalar propagator (25) we have
G(x, y;m2) =
∫
∞
0
dτ
(4piτ)2
e−τm
2−
|x−y|2
4τ F (x, y, τ), (26)
i.e. for |x− y| 6= 0 the integrand is well-behaved5 both for τ → 0 and τ →∞. For |x− y| = 0
we have however a nonintegrable singularity at τ → 0. In order to isolate the short distance
singularities, let us divide the integrand into two parts by means of adding and subtracting
the leading asymptotics of the integrand for τ → 0:
G(x, y;m2) =
∫
∞
0
dτ
(4piτ)2
e−τm
2−
|x−y|2
4τ
n∑
i=0
ai(x, y)τ
i
+
∫
∞
0
dτ
(4piτ)2
e−τm
2−
|x−y|2
4τ (F (x, y; τ) −
n∑
i=0
ai(x, y)τ
i). (27)
The second term on the right hand side has smooth limit for |x−y| → 0 , if we take n large
enough, (the corresponding integrand behaves as τn−1 for τ → 0 and τn−2e−τm
2
for τ →∞).
5Let us recall the limit F (x, y, τ )→ 1 for τ → 0 and, in the finite volume, the asymptotic behaviour of the
heat kernel G(x, y, τ ) ≈ exp(−λ0τ ) Φ
∗
0(y) Φ0(x) for τ → ∞, where λ0 > 0 is the lowest eigenvalue and Φ0(x)
the corresponding eigenvector of the operator ∆.
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The source of the singular behavior of the scalar propagator for |x − y| → 0 corresponds to
the first term.
Let us describe this in more detail. We have
G(x, y;m2) =
n∑
i=0
ai(x, y)In(x− y) +R(x, y), (28)
where R(x, y) is finite in the limit | x− y |→ 0 and In(x) are the following integrals
In(x) =
∫
∞
0
dτ
(4piτ)2
τne−τm
2−
|x|2
4τ =
m−n+1
8pi2
(
|x|
2
)n−1
K−n+1(m|x|). (29)
Here Kn(z) are the MacDonald functions
6
Kn(z) =
1
2
n−1∑
k=0
(−1)k(n− k − 1)!
k!
(
z
2
)2k−n
+
(−1)n+1
2
∞∑
k=0
1
k!(n + k)!
(
z
2
)2k+n
(2ln
(
z
2
)
− ψ(k + 1)− ψ(k + n+ 1)),(30)
satisfying
Kn(z) = K−n(z). (31)
Explicitly
I0(x) = ∆
(4)
E (x;m
2) =
1
4pi2x2
m|x|K1(m|x|)
=
1
4pi2
(
1
x2
+
m2
4
lnm2|x|2 −
m2
4
(2ln2 + 2γE − 1)
)
+O(m2|x|2,m2|x|2lnm2|x|2) (32)
and
I1(x) = ∆
(2)
E (x;m
2) =
1
8pi2
K0(m|x|)
= −
1
16pi2
(lnm2|x|2 − 2ln2 + 2γE − 2) +O(m
2|x|2,m2|x|2lnm2|x|2) (33)
where ∆
(d)
E (x − y;m
2) is the free Euclidean scalar propagator (i.e. for A = 0 and V = 0) in
d dimensional euclidean space. Note also, that for n ≥ 2 , the In(x) (and also ∂µIn(x)) are
6Here
ψ(k + 1) = −γE +
k∑
j=1
1
j
.
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regular for x→ 0, i.e. we can keep only the first two terms in the sum on the right hand side
of (28) in order to pick up explicitly the potentially singular part.
Therefore we have
G(x, y;m2) =
1
4pi2
(
a0(x, y)
|x− y|2
+
1
4
lnm2|x− y|2(a0(x, y)m
2 − a1(x, y))
)
+O(1). (34)
The fermion propagator, defined as
S(x, y;m) = (x|
1
γ ·D + im
|y), (35)
can be rewritten in the form
S(x, y;m) = (x|(γ ·D − im)
1
(γ ·D)2 +m2
|y)
= (γ ·D − im)(x|
1
−D2 − i2σµνFµν +m
2
|y)
= (γ ·D − im)(x|
1
∆ +m2
|y) (36)
with positive operator
∆ = −D2 −
i
2
σµνFµν . (37)
The matrices σαβ =
i
2 [γα, γβ ] are the generators of the SO(4) euclidean rotations and
Fµν = [Dµ,Dν ] = ∂µAν − ∂νAµ + [Aµ, Aν ] (38)
is the gauge field strength. I.e., expressing the fermion propagator in terms of the “scalar
propagator with mass m” corresponding to the operator (37), we have for the potentially
singular part of the fermion propagator
S(x, y;m) = (γ ·Dx − im)G(x, y;m
2)
=
1
4pi2
(
(γ ·D − im)a0(x, y)
|x− y|2
−
2γµ(x− y)µa0(x, y)
|x− y|4
+
1
4
lnm2|x− y|2(γ ·D − im)(a0(x, y)m
2 − a1(x, y))
+
1
2
γµ(x− y)µ
|x− y|2
((a0(x, y)m
2 − a1(x, y)) +O(1)
)
. (39)
To isolate the singular part of the propagators (34) and (39), it remains now to expand the
Seeley- de Witt coefficients in power series in | x−y | . Before doing this, we add one important
note. The above defined scalar and fermion propagators have one inconvenient property - they
are not gauge covariant. E.g. for the fermion propagator we have the following transformation
relation with respect to the gauge transformation U(x):
S(x, y;m)→ U(x)S(x, y;m)U+(y). (40)
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As a consequence of this, if we introduce
x =
1
2
(x+ y), ε =
1
2
(y − x), (41)
the coefficients of the expansion of the propagators G(x, y) and S(x, y;m) in powers and
logarithms of ε are not gauge covariant functions of x.
For the calculations presented in the following sections we need rather objects, which
transform covariantly. For this purpose, let us note, that the parallel transporter along the
straight line (which is nothing but the Seeley-de Witt coefficient a0(x, y))
Ω(x, y) = P exp
(
−
∫ 1
0
dt(x− y) · A(y + t(x− y)
)
= a0(x, y). (42)
transforms according to the prescription
Ω(x, y)→ U(x)Ω(x, y)U+(y). (43)
Let us therefore define the “covariant propagator”
Scov(x, ε) = Ω(x, x− ε)S(x− ε, x+ ε;m)Ω(x+ ε, x). (44)
The transformation properties of the gauge exponential ensure the following transformation
of the covariant propagator:
Scov(x, ε)→ U(x)Scov(x, ε)U+(x). (45)
In the same way we can “improve” the scalar propagator, which transforms noncovariantly
G(x, y;m2)→ U(x)G(x, y;m2)U+(y), (46)
and define the covariant propagator
Gcov(x, ε) = Ω(x, x− ε)G(x − ε, x+ ε;m2)Ω(x+ ε, x) (47)
with covariant transformation law
Gcov(x, ε)→ U(x)Gcov(x, ε)U+(x). (48)
The main advantage of such covariant propagators is, that the x−dependent coefficients of
the expansion in the powers and logarithms of ε are now gauge covariant functions.
From the expression (34) we get then
Gcov(x, ε) =
1
4pi2
(
1
|ε|2
+
1
4
lnm2|ε|2(m2 − a0(x, x− ε)a1(x− ε, x+ ε)a0(x+ ε, x))
)
+O(1).
(49)
To make use of this formula, we need the expansion of the expression a0(x, x− ε)a1(x− ε, x+
ε)a0(x+ ε, x) in the powers of ε. We only quote the result of the calculation here, the details
can be found in Appendix A:
a0(x, x− ε)a1(x− ε, x+ ε)a0(x+ ε, x) =
i
2
σαβFαβ(x) +
1
3
εα[Dβ, Fβα](x) +O(ε
2). (50)
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With this formula at hand, we have finally
Gcov(x, ε) =
1
16pi2
(
1
|ε|2
+ lnm2|ε|2(m2 −
i
2
σαβFαβ(x))
)
+O(1). (51)
Before we proceed to the analogous expression for the fermion propagator, let us now
make a useful observation. For any (sufficiently smooth) section φ(x), the operation
φ(x)→ Ω(x, x− ε)φ(x− ε) (52)
can be expressed in the form
Ω(x, x− ε)φ(x− ε) = e−ε·
→
Dxφ(x). (53)
Indeed, the functions φ1(x, t) = Ω(x, x− tε)φ(x− tε) and φ2(x, t) = e
−tε·
→
Dxφ(x) both satisfy
the following differential equation
d
dt
φi(x, t) = −ε·
→
Dx φi(x, t) (54)
with the initial condition
φi(x, 0) = φ(x). (55)
This statement is clear for i = 2, let us prove it for i = 1. We have
d
dt
φ1(x, t) = (−ε · ∂yΩ(x, y)) |y=x−tε φ(x− tε)− Ω(x, x− tε)ε · ∂xφ(x− tε)
= −ε · ∂x(Ω(x, x− tε)φ(x− tε)) + (ε · ∂xΩ(x, y)) |y=x−tε φ(x− tε)
= −ε · ∂x(Ω(x, x− tε)φ(x− tε))− ε ·A(x)Ω(x, x− tε)φ(x − tε)
= −ε·
→
Dx φ1(x, t), (56)
where we used the relation (x− y) ·DxΩ(x, y) = 0 in the third line.
Using now this result and the formula for the fermion propagator
S(x, y;m) = −imG(x, y;m2) + γ·
→
Dx G(x, y;m
2) (57)
we have
Scov(x, ε) = −imGcov(x, ε) + e−ε·
→
Dxγ·
→
Dx G(x, y;m
2)eε·
←
Dy |x=y,
where
D = ∂ +A, (58)
←
D =
←−
∂ −A. (59)
It is not difficult to show (the details are postponed to Appendix A), that
e−ε·
→
Dx
→
Dµ,x G(x, y;m
2)eε·
←
Dy |x=y =
1
2
([Dµ, G
cov(x, ε)] − ∂εGcov(x, ε)
+Gµ(x, ε)G
cov(x, ε)−Gcov(x, ε)Gµ(x,−ε)
+Hµ(x, ε)G
cov(x, ε) +Gcov(x, ε)Hµ(x,−ε)), (60)
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where the functionsGµ(x, ε) andHµ(x, ε) have the following expansion (the complete formulae
are given in Appendix A)
Gµ(x, ε) = ενFµν(x)−
1
2
[ε ·D, ενFµν(x)] +O(ε
3), (61)
Hµ(x, ε) = −
1
2
ενFνµ(x) +
1
3
[ε ·D, ενFνµ(x)] +O(ε
3). (62)
As a result we have
Scov(x, ε) = −imGcov(x, ε) +
1
2
γµ([Dµ, G
cov(x, ε)] − ∂εµG
cov(x, ε)
+Gµ(x, ε)G
cov(x, ε) −Gcov(x, ε)Gµ(x,−ε)
+Hµ(x, ε)G
cov(x, ε) +Gcov(x, ε)Hµ(x,−ε)). (63)
and, putting the formulas together,
Scov(x, ε) =
1
16pi2
(
γ · ε
|ε|4
−
im
|ε|2
−
m2γ · ε
|ε|2
−
εµF
∗
µν(x)γνγ5
|ε|2
+lnm2|ε|2(−im3 −
1
2
mσαβFαβ(x)−
1
3
[Dµ, Fµν ]γν +O(ε))
+
1
3
γ · ε[Dµ, Fµν ]εν
|ε|2
−
1
3
γµ[ε ·D,Fµν ]εν
|ε|2
+Oreg(1)
)
. (64)
Here we keep for the sake of further convenience also the terms, which are formally O(1),
but the ε → 0 limit of which does not exist, but rather depends on the direction in which ε
approaches zero. As we shall see in the following, this terms are responsible for the anomalous
divergence of the energy-momentum tensor.
3 The anomalies via point-splitting
The quantum anomalies generally mean a violation of the classical symmetry due to the
quantum corrections, which cannot be avoided by suitable renormalization of the quantities
involved. Historically, the first example of such a phenomenon was the famous Adler-Bell-
Jackiw chiral anomaly [10]. It is connected with the so-called chiral U(1) transformation
δψ = iαγ5ψ
δψ+ = iψ+αγ5, (65)
where α is an infinitesimal real parameter. The corresponding Noether current
jµ5(x) = ψ
+γµγ5ψ (66)
obeys classically the following equation
∂ · j5(x) = 2imψ
+γ5ψ (67)
and it is conserved in the chiral limit m → 0. In the quantum case, however, the anomalous
term 1
8pi2
F ∗µνFµν , (where F
∗
µν is the dual tensor to Fµν) appears on the right hand side of the
previous equation, spoiling the chiral invariance of the theory. Though this term could be
9
removed by a suitable counterterm added to the chiral current jµ5(x), this counterterm spoils
gauge invariance and is therefore not admissible in any reasonable gauge theory. This situation
is typical; the anomalous symmetries appear in pairs and saving one of them necessarily brings
about spoiling of the other. Further example of the anomalous pair is the conflict between
the scale and translational symmetries leading to the so called trace anomaly7[12]. In the
gravitational background there is also the so-called Lorentz anomaly, the consequence of which
is the anomalous antisymmetric part of the energy-momentum tensor. For a comprehensive
discussion of this and related topics see the books [13], where also an extensive list of references
can be found.
In this section we give rather nonstandard derivation of the axial and trace anomalies
via point-splitting regularization. We will show, that the anomalies in this formalism can
be understood as the result of the non-invariance of the classical action with respect to the
regularized nonlocal “point-split” transformations, which replace the naive form of the chiral
rotation, scale transformation and (covariant) translation. The remnant of this noninvariance
survives in the quantum case the procedure of removing the cut-off. This gives a partial ex-
planation of why the point-splitting regularization produces anomaly in the divergence rather
than in the trace of the energy-momentum tensor. The idea of the deformed transformations
was used in similar context of the Fujikawa-like regularization procedures in the paper [11],
where the anomalous pair of the chiral and abelian gauge symmetry was investigated.
The main object of our interest is the Euclidean generating functional of the correlators
of the gauge fermionic currents given formally as the fermionic functional integral
ZE[A] =
∫
Dψ+Dψ exp(−SE), . (68)
where
SE =
∫
d4xψ+(
1
2
γ·
←→
D +im)ψ (69)
is the Euclidean action. We shall tacitly assume some intermediate regularization (e.g. Pauli-
Villars) with the cut-off parameter Λ, which makes the functional integral well defined and
which justifies the formal operations we are going to perform. This intermediate regularization
will be removed at the end of the calculation. The only requirements on this regularization
are that it does not deform the four-dimensional algebra of the γ−matrices (in order to
preserve the four-dimensional γ5 ) and also the property which we call “naturalness” - i.e.
that it reproduces the true value of the convergent integrals after the cut-off is removed. The
Ward-Takahashi identity, corresponding to the general infinitesimal change of the integration
variables
ψ → ψ + δψ
ψ+ → ψ+ + δψ+ (70)
has the form ∫
Dψ+Dψ
(
δSE +
∫
d4x
(
δδψ(x)
δψ(x)
+
δδψ+(x)
δψ+(x)
))
exp(−SE) = 0, (71)
where δSE =
∫
d4xδLE(x) is the variation of the action with respect to the transformation
(70). Here we pick up the formal remnant of the determinant of the change of the integration
7It results in the anomalous trace of the energy-momentum tensor.
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variables, which we assume to be consistently regularized by the above mentioned intermediate
regularization8. Within the naive form of the Ward-Takahashi identity this term is omitted,
on the other hand it can be the source of the quantum anomaly provided it survives after the
cut-off is removed9. Note that the local form of the Ward-Takahashi identity can be obtained
by means of the standard technique of localizing the transformation (70) and can be written
in the form∫
Dψ+Dψ
(∫
d4xθ(x)
(
δLE(x)− ∂ · j(x) +
(
δδψ(x)
δψ(x)
+
δδψ+(x)
δψ+(x)
)))
exp(−SE) = 0,
(72)
where θ(x) is an infinitesimal parameter of the localized transformation
ψ → ψ + θδψ
ψ+ → ψ+ + θδψ+ (73)
and jµ(x) is the Noether current. Another subject of our investigation will be therefore the
generating functional of the connected correlators of the gauge currents with one insertion of
the divergence of the Noether current jµ(x) or one insertion of the δLE(x) corresponding to
the transformation (70), assuming these operators to be regularized by point-splitting, i.e.
∂ · j(x)reg · ZE [A]c = 〈∂ · j(x)
reg〉c =
∫
Dψ+Dψ jµ(x)
reg exp(−SE)|c
= ZE [A]
−1
∫
Dψ+Dψ jµ(x)
reg exp(−SE) (74)
and
δLE(x)
reg · ZE [A]c = 〈δLE(x)
reg〉c =
∫
Dψ+Dψ δLE(x)
reg exp(−SE)|c
= ZE [A]
−1
∫
Dψ+Dψ δLE(x)
reg exp(−SE). (75)
Here we need not assume any other intermediate regularization, since the loops with one
insertion of the regularized operator are already finite and the loops without the operator
insertion are formally cancelled. Alternatively we can think about this point-split functionals
as being produced by removing the intermediate cut-off, which is possible because all the
relevant integrals are finite and thanks to the required naturalness property of the intermediate
regularization are not deformed by this procedure. This is the point of view we will adopt in
the following.
In the point-splitting method we introduce the anomaly as the insertion defined by the
difference
A(x) · ZE [A]c = lim
removed point−splitting
(∂ · j(x)reg · ZE [A]c − δLE(x)
reg · ZE [A]c) , (76)
8E.g. for the Pauli-Villars regularization this formally divergent expression is cancelled by the analogous
term coming from the transformation of the regulator fields with opposite statistics. Within the framework of
the dimensional regularization it vanishes by definition.
9However, for the Pauli-Villars regularization, the source of the axial anomaly is the additional contribution
of the regulator fields to δSE. Within the consistent dimensional regularization in this case also the additional
terms appear in δSE due to the commutation of γ5 with the γµ with µ > 4.
11
i.e. as the anomalous divergence of the Noether current in the limit of the point-splitting cut-
off removed. Our strategy for calculation of the anomalies will be as follows. We first deform
the localized transformation prescription (73) in such a way, that the corresponding Noether
current is identical with the point-split Noether current of the original transformation. As a
result, the local Ward-Takahashi identity (72) for the deformed transformation will produce
the point-split version of the original identity, i.e. with the relevant composite operators reg-
ularized by the point-splitting. As we shall see, the deformation of the transformation brings
about the presence of additional terms in δSE which prove to be the source of the anomaly.
On the other hand, the determinant of the deformed transformation will be identically equal
to one; this property also survives the process of removing of the intermediate cut-off. In the
next sections we give explicit examples of this general strategy.
4 The chiral anomaly
Let us give the first illustration of the above described strategy. For the nonabelian chiral
transformation
δψ = αγ5ψ
δψ+ = ψ+αγ5 (77)
where α = αaT
a is an antihermitian infinitesimal matrix from the Lie algebra of the gauge
group, the Noether currents are identical with the axial currents given by
ja5µ = ψ
+T aγµγ5ψ (78)
and on the classical level we have
Dµj
a
5µ = δLE(x)
a = 2imψ+T aγ5ψ, (79)
where δLE(x)
a is the variation of the Lagrangian under the chiral rotations. Our choice for
the point-split version of these currents is10
ja,reg5µ = ψ
+(x+ ε)Ω(x+ ε, x)T aγµγ5Ω(x, x− ε)ψ(x− ε), (80)
where Ω(x, y) is the parallel transporter along the straight line connecting the points x and
y. Note, that this definition gives gauge covariant expression; the regularized current multi-
plet transforms according to the adjoint representation of the gauge group. For the further
convenience, let us introduce also the point-split fields (cf. also Section 2)
ψε(x) = e
−ε·Dψ(x) = Ω(x, x− ε)ψ(x − ε),
ψ+ε (x) = ψ
+(x)eε·
←
D = ψ+(x+ ε)Ω(x+ ε, x), (81)
in terms of which
ja,reg5µ = ψ
+
ε T
aγµγ5ψε. (82)
10There are also other possibilities used in the literature, e.g.
j
a,reg
5µ = ψ
+(x+ ε){Ω(x+ ε, x− ε), T a}γµγ5ψ(x− ε),
which has also covariant transformation properties. Our choice was motivated mainly by the relative simplicity
of the further calculation.
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Let us note, that the fields ψε(x) and ψ
+
ε (x) have the same transformation properties with
respect to the gauge transformations as the original fields ψ(x) and ψ+(x). As a result,
the regularized current ja,reg5µ is gauge covariant. Note also, that the covariant propagator
introduced in the previous section can be expressed in terms of the correlator of the point-
split fields
〈ψε(x)ψ
+
ε (x)〉c = ZE [A]
−1
∫
Dψ+Dψ ψε(x)ψ
+
ε (x) exp(−SE) = S
cov(x, ε). (83)
The variation of the Lagrangian under the chiral rotations, which represent the naive diver-
gence of the axial currents
δLE(x)
a = 2imψ+T aγ5ψ (84)
can be regulated analogously as
δLE(x)
a,reg = 2imψ+(x+ ε)Ω(x+ ε, x)T aγ5Ω(x, x− ε)ψ(x− ε) = 2imψ
+
ε T
aγ5ψε.
Let us now introduce the deformed local chiral rotation with infinitesimal parameter
α(x) = αa(x)T
aas follows
δψ = e−ε·Dαγ5e
−ε·Dψ,
δψ+ = ψ+eε·
←
Dαγ5e
ε·
←
D. (85)
Because of the shift of the argument in the expression for δψ and δψ+, we have
∫
d4x
(
δδψ(x)
δψ(x)
+
δδψ+(x)
δψ+(x)
)
= 0 (86)
independently of the intermediate regularization. The change of the Euclidean action under
the deformed local chiral rotation (85) is
δSE =
∫
d4x
(
ψ+ε [γ ·D,α]γ5ψε + 2imψ
+
ε αγ5ψε
)
(87)
+
∫
d4x
(
ψ+ε (αγ5[e
−ε·
→
D, γ·
→
D]e
ε·
→
D − e−ε·
←
D[γ·
←
D, e
ε·
←
D]γ5α)ψε
)
.
Inserting this to the Ward-Takahashi identity (71) and removing the intermediate cut-off we
get for the covariant divergence of the point-split axial current
Dµ〈j
a,reg
5µ 〉c = 2im〈ψ
+
ε T
aγ5ψε〉c +A
a
5, (88)
where the point-split axial anomaly is given by the formula (cf. (76) and (83))
Aa5 = 〈ψ
+
ε (T
aγ5[e
−ε·
→
D, γ·
→
D]eε·
→
D − e−ε·
←
D[γ·
←
D, eε·
←
D]T aγ5)ψε〉c
= −TrScovγ5(T
a[e−ε·
→
D, γ·
→
D]e
ε·
→
D + e−ε·
←
D[γ·
←
D, e
ε·
←
D]T a); (89)
here the trace is taken over both the Dirac and color indices. Remembering the formulae
[e−ε·D,Dµ]e
ε·D = Gµ(x, ε) (90)
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and
e−ε·
←
D[
←
Dµ, e
ε·
←
D] = −Gµ(x,−ε) (91)
we get for the anomaly
Aa5 = −TrS
covγ5([T
a, γ ·G+] + {T a, γ ·G−}) (92)
where
G±µ (x, ε) =
1
2
(Gµ(x, ε) ±Gµ(x,−ε)), (93)
i.e. (cf. also Appendix A)
G+µ (x, ε) = −
1
2
[ε ·D,Fµν ]εν +O(|ε|
4), (94)
G−µ (x, ε) = ενFµν(x) +O(|ε|
3). (95)
From the expression for the short distance behavior of the covariant propagator we see that
only the second term on the right hand side of (92) contributes in the limit ε→ 0
Aa5 = −Tr
(
−
1
16pi2
(
εµ
|ε|2
F ∗µνγνγα +O(1)
)
({T a, Fασεσ}+O(ε
2))
)
. (96)
Taking the average over the directions of the four-vector εµ and performing the trace of the
Dirac matrices we get finally the covariant form of the axial anomaly
Aa5 =
1
8pi2
TrCT
aF ∗µνFµν +O(ε), (97)
where TrC means a trace over the color indices only.
5 The vector anomaly
As another simple application of the above described method let us consider the nonabelian
gauge transformation
δψ = αψ
δψ+ = −ψ+α (98)
where again α = αaT
a. The corresponding Noether currents
jaµ = ψ
+T aγµψ (99)
are covariantly conserved at the classical level, i.e.
Dµj
a
µ = 0. (100)
Let us choose the following point-split version of these vector currents11
ja,regµ = ψ
+
ε T
aγµψε. (101)
11Here again the regularized current ja,regµ is gauge covariant because of the transformation properties of the
point-split fields ψε and ψ
+
ε .
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Because the gauge covariance is manifest within our point-splitting regularization scheme,
we do not expect any anomalous divergence. This can be easily proved using the technique
described above. Let us consider the point-split transformation with infinitesimal parameter
α(x) = αa(x)T
a
δψ = e−ε·Dαe−ε·Dψ,
δψ+ = −ψ+eε·
←
Dαeε·
←
D. (102)
The variation of the action is then
δSE =
∫
d4x
(
ψ+ε [γ ·D,α]ψε + ψ
+
ε (α[e
−ε·
→
D, γ·
→
D]e
ε·
→
D + e−ε·
←
D[γ·
←
D, e
ε·
←
D]α)ψε
)
. (103)
We have therefore the following point-split Ward-Takahashi identity
Dµ〈j
a,reg
µ 〉 = A
a (104)
where the possible vector anomaly is
Aa = 〈ψ+ε (T
a[e−ε·
→
D, γ·
→
D]eε·
→
D + e−ε·
←
D[γ·
←
D, eε·
←
D]T a)ψε〉. (105)
This can be rewritten in the form
Aa = −TrScov(T aG(x, ε) · γ − γ ·G(x,−ε)T a) (106)
where Gµ(x, ε) was introduced in the previous section. Note, that ε · G(x, ε) = 0 and
Gµ(x, ε) = O(ε). Using the formula for the covariant propagator, which implies
TrDS
covγµ =
1
4pi2
{
−
εµ
|ε|4
+m2
εµ
|ε|2
+
1
3
lnm2|ε|2[Dσ , Fσµ]
−
1
3
εµεσ
|ε|2
[Dρ, Fρσ ] +
1
3
ερεσ
|ε|2
[Dρ, Fµσ ] +Oreg(1)
}
, (107)
we get
Aa = −
1
4pi2
(
−
εµ
|ε|4
+m2
εµ
|ε|2
+O(ln |ε|2)
)
TrC(T
aGµ(x, ε)−Gµ(x,−ε)T
a) = O(ε ln |ε|2)
(108)
and therefore the vector current is anomaly free in the limit of the removed point-splitting.
6 The trace anomaly
Another example of the strategy of deformed transformation is the trace anomaly of the
canonical gauge invariant energy-momentum tensor12
θµν =
1
2
ψ+γµ
↔
Dν ψ. (109)
12This tensor is not symmetric; the construction of the symmetric energy-momentum tensor will be discussed
in the next section.
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Let us consider the scale transformation
δψ = λψ,
δψ+ = ψ+λ, (110)
where λ is a real infinitesimal parameter. The corresponding Noether current is identically
zero and the change of the action under localized scale transformation with parameter λ(x)
is
δSE =
∫
d4x 2λ(x)
(
1
2
ψ+γ·
↔
D ψ + imψ+ψ
)
=
∫
d4x 2λ(x)
(
θµµ + imψ
+ψ
)
. (111)
On the classical level we have therefore
θµµ = −imψ
+ψ. (112)
The regularized form of the relevant composite operators is13
θregµν =
1
2
ψ+ε γµ
↔
Dν ψε (113)
and
ψ+ψreg = ψ+ε ψε; (114)
these regularized expressions are gauge invariant. The point-split version of the transforma-
tion (110) is then
δψ = e−ε·Dλe−ε·Dψ,
δψ+ = ψ+eε·
←
Dλeε·
←
D. (115)
The Jacobian of this deformed scaling is identically equal to one for the same reason as before.
The variation of the action reproduces the point-split form of (111) and acquires an additional
term, which is the potential source of the trace anomaly
δSE =
∫
d4x 2λ
(
1
2
ψ+ε γ·
↔
D ψε + imψ
+
ε ψε
)
+
∫
d4xλ
(
ψ+ε ([e
−ε·
→
D, γ·
→
D]e
ε·
→
D − e−ε·
←
D[γ·
←
D, e
ε·
←
D])ψε
)
, (116)
i.e. we have
〈θregµµ 〉c = −i〈mψ
+
ε ψε〉c +A
trace (117)
where
Atrace = −
1
2
〈ψ+ε ([e
−ε·
→
D, γ·
→
D]eε·
→
D − e−ε·
←
D[γ·
←
D, eε·
←
D])ψε〉c
= TrScovγ ·G+, (118)
13Other forms of the point-split tensor θregµν are used in the literature as well. Our choice is again motivated
by simplicity.
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where G+µ was introduced via the formula (93). Using the formulae (107) and (94) we get
Atrace = TrC
(
1
16pi2
(
−4
εµ
|ε|4
+O(
εµ
|ε|2
)
)
(−
1
2
[ε ·D,Fµν ]εν +O(|ε|
4))
)
, (119)
and, after taking the average over the direction of the four-vector εµ,
Atrace = O(ε). (120)
It means that there is no trace anomaly within the point-splitting regularization.
7 The translation anomaly
Because there is no anomaly in the trace of the point-split energy-momentum tensor, we expect
the appearance of an anomaly in its divergence. Assume therefore the covariant translation
of the fields, parametrized by an infinitesimal four-vector a
δψ = a ·Dψ,
δψ+ = ψ+
←
D ·a. (121)
The canonical Noether current associated with this transformation is identical with the
energy-momentum tensor (109) introduced above. The variation of the action with respect
to the localized version of this transformation, which gives the classical divergence of the
energy-momentum tensor, is
δSE =
∫
d4x
[
−aν∂µ
(
1
2ψ
+γµ
↔
Dν ψ
)
+ a · ∂
(
1
2ψ
+γ·
↔
D ψ + imψ+ψ
)
+ aνψ
+γµFµνψ
]
=
∫
d4x
[
−aν∂µθµν + a · ∂
(
θµµ + imψ
+ψ
)
+ aνψ
+γµFµνψ
]
, (122)
on the classical level we have therefore
∂µθµν = ψ
+γµFµνψ. (123)
We again regularize the operators involved according to the (113), (114) and to the prescrip-
tion
ψ+γµFµνψ
reg = ψ+ε γµFµνψε. (124)
In order to get the Ward-Takahashi identity for the point-split operators, we deform the
(local) covariant translation as follows
δψ = e−ε·Da ·De−ε·Dψ
δψ+ = ψ+eε·
←
D
←
D ·aeε·
←
D (125)
We have then for the variation of the action
δSE =
∫
d4x
[
−aν∂µ
(
1
2ψ
+
ε γµ
↔
Dν ψε
)
+ a · ∂
(
1
2ψ
+
ε γ·
↔
D ψε + imψ
+
ε ψε
)
+ aνψ
+
ε γµFµνψε
]
+
∫
d4xaν
(
ψ+ε (
←
Dν [e
−ε·
→
D, γ·
→
D]e
ε·
→
D − e−ε·
←
D[γ·
←
D, e
ε·
←
D]
→
Dν)ψε
)
(126)
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and therefore
∂µ〈θ
reg
µν 〉c = ∂ν〈
1
2
ψ+ε γ·
↔
D ψε + imψ
+
ε ψε〉c + 〈ψ
+
ε γµFµνψε〉c +Aν , (127)
where the anomaly is given by the formula
Aν = 〈ψ
+
ε (
←
Dν [e
−ε·
→
D, γ ·
−→
D ]eε·
→
D − e−ε·
←
D[γ·
←
D, e
ε·
←
D]
→
Dν)ψε〉c. (128)
Expressing this in terms of the above introduced G functions we have
Aν = 〈ψ
+
ε (
←
Dν γ ·G
+ + γ ·G+
→
Dν)ψε〉+ 〈ψ
+
ε (
←
Dν γ ·G
− − γ ·G−
→
Dν)ψε〉
= ∂ν〈ψ
+
ε (γ ·G
+)ψε〉 − 〈ψ
+
ε [Dν , γ ·G
+]ψε〉
+〈ψ+ε (
←
Dν γ ·G
− − γ ·G−
→
Dν)ψε〉. (129)
Let us work out also the last term. For the derivatives of the point-split fields with respect
to the parameter ε we have the following useful formulae
∂ενψε = −
∫ 1
0
dt e−tε·DDνe
tε·Dψε
= −Dνψε + Γν(x, ε)ψε (130)
and
∂ενψ
+
ε = ψ
+
ε
∫ 1
0
dt e−tε·
←
D
←
Dν e
tε·
←
D
= ψ+ε
←
Dν +ψ
+
ε Γν(x,−ε), (131)
where ∂ε means the partial derivative with respect to ε and where Γµ(x, ε) = Hµ(x, ε) −
Gµ(x, ε) (the functions Gµ(x, ε) andHµ(x, ε) were already introduced in the previous sections,
their explicit form14 is given in Appendix A.) I.e.
Aν = ∂ν〈ψ
+
ε (γ ·G
+)ψε〉c − 〈ψ
+
ε [Dν , γ ·G
+]ψε〉c
+〈ψ+ε (
←−
∂ενγ ·G
− + γ ·G−
−→
∂εν)ψε〉c
−〈ψ+ε (Γν(x,−ε)γ ·G
− + γ ·G−Γν(x, ε))ψε〉c, (132)
14Note also, that we can also write
Γµ(x, ε) = −
∫ 1
0
dt[e−tε·D,Dµ]e
tε·D = −
∫ 1
0
dtGµ(x, tε)
=
∞∑
n=0
(−1)n+1
(n+ 2)!
[ε ·D, [ε ·D, [. . . , [ε ·D, ενFµν(x)] . . .]]]
Here the second line is a consequence of the explicit formula for Gµ(x, ε), which is given in Appendix A.
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or, in terms of the covariant propagator,
Aν = −Tr(∂
ε
νS
cov)γ ·G− − ∂νTrS
covγ ·G+
+TrScov([Dν , γ ·G
+] + Γν(x,−ε)γ ·G
− + γ ·G−Γν(x, ε)). (133)
Let us recall, that G+µ (x, ε) = O(ε
2) and G−µ (x, ε) = O(ε), Γµ(x, ε) = O(ε), therefore in
the second and third term on the right hand side of (133) only the first two terms of the
expansion of TrScovγµ can contribute. However, these terms are proportional to εµ and
because ε ·G±(x, ε) = 0, their contribution vanishes. So that only the first term on the right
hand side of (133) can survive and we get for the anomaly the following simple formula
Aν = −Tr(∂
ε
νS
cov)γ ·G− +O(ε). (134)
This gives, after some algebra15
Aν = −
1
72pi2
TrC (5[Dα, Fαβ ]Fβν + [Dν , Fαβ ]Fαβ + [Dα, Fβν ]Fβα) . (135)
Inserting here the identity [Dα, Fβν ]Fβα =
1
2 [Dν , Fαβ ]Fαβ , we get finally
Aν = −
1
24pi2
∂µTrC
(
1
4
δµνFαβFαβ +
5
3
θAµν
)
+O(ε) (136)
where
θAµν = FµσFσν +
1
4
δµνFαβFαβ . (137)
As we have expected, the anomaly is shifted to the divergence of the energy-momentum
tensor. We can recover the trace anomaly by redefinition (finite subtraction) of this tensor
according to the prescription
θ
reg
µν = θ
reg
µν +
1
24pi2
TrC
(
1
4
δµνFαβFαβ +
5
3
θAµν
)
. (138)
The redefined energy-momentum tensor has the standard trace anomaly
〈θ
reg
µµ 〉c = −i〈mψ
+
ε ψε〉c +
1
24pi2
TrCFαβFαβ +O(ε) (139)
15Note, that G−µ = εσFµσ +O(ε
3) and
TrDS
cov
γµ =
1
4pi2
{
−
εµ
|ε|4
+m2
εµ
|ε|2
+
1
3
lnm2|ε|2[Dσ, Fσµ]
−
1
3
εµεσ
|ε|2
[Dρ, Fρσ] +
1
3
ερεσ
|ε|2
[Dρ, Fµσ] +Oreg(1)
}
,
and therefore
TrD∂
ε
νS
cov
γµ =
1
4pi2
{
4εµεν − δµν |ε|
2
|ε|6
+m2
δµν |ε|
2 − 2εµεν
|ε|4
+
2
3
εν
|ε|2
[Dσ, Fσµ]
−
1
3
(δµνεσ + δνσεµ)|ε|
2 − 2εµεσεν
|ε|4
[Dρ, Fρσ]
+
1
3
(δνρεσ + δνσερ)|ε|
2 − 2ενερεσ
|ε|4
[Dρ, Fµσ] +Oreg(ln |ε|)
}
.
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and its divergence is anomaly free. This is an illustration of the anomalous symmetry pair
phenomenon.
Let us briefly comment on this result. As we have seen, the nonstandard terms in the
variation of the action under corresponding point-split transformations are present both for
the scale transformation and translation. The anomalies are therefore not a priori excluded
either in the trace or in the divergence of the energy-momentum tensor. Although our point
of view does not explain why it appears in the divergence and not in the trace (this result is
hidden in the short distance asymptotics of the covariant propagator), it at least sheds a new
light on the well known fact that point-splitting regularization is in a conflict with (covariant)
translations.
8 The symmetric energy-momentum tensor and the Lorentz
anomaly
As we have mentioned above, the canonical energy-momentum tensor is not symmetric. In
this section we give construction of the modified energy-momentum tensor, which does not
suffer from this inconvenient property.
Let us start with the local SO(4) rotation of the fermion fields
δψ =
i
2
ωµνσµνψ
δψ+ = −
i
2
ψ+σµνωµν (140)
with the parameter ωµν(x). The variation of the action with respect to this transformation
can be written as
δSE =
i
4
∫
d4xωµν
[
−∂α(ψ
+{γα, σµν}ψ) + 4i(θµν − θνµ)
]
. (141)
with θµν being the canonical energy-momentum tensor (109). Classically, using the identities
γασµν = i(δναγµ − δµαγν + εµναλγλγ5)
σµνγα = i(δµαγν − δναγµ + εµναλγλγ5). (142)
we get then the following on-shell relation,
θµν − θνµ = −
i
4
∂α(ψ
+{γα, σµν}ψ) =
1
2
εµναλ∂α(ψ
+γλγ5ψ). (143)
Thus, the classical symmetric energy-momentum tensor Tµν
Tµν =
1
2
(θµν + θνµ) =
1
4
(ψ+γµ
↔
Dν ψ + ψ
+γν
↔
Dµ ψ) (144)
can be expressed on shell as
Tµν = θµν −
1
4
εµναλ∂α(ψ
+γλγ5ψ) (145)
and has therefore the same trace and divergence as the canonical tensor θµν .
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Let us now derive the quantum analog of the identity (145), valid for the point-split
energy-momentum tensor T regµν defined as
T regµν =
1
2
(θregµν + θ
reg
νµ ) =
1
4
(ψ+ε γµ
↔
Dν ψε + ψ
+
ε γν
↔
Dµ ψε) (146)
We shall use here again the idea of the point-split transformation. The suitable deforma-
tion of the local SO(4) rotation (140) is
δψ =
i
2
e−ε·Dωµνe
−ε·Dσµνψ
δψ+ = −
i
2
ψ+σµνe
ε·
←
Dωµνe
ε·
←
D (147)
The variation of the action under this transformation gives the following regularized form of
the formula (141) and
δSE =
i
4
∫
d4xωµν [−∂α(ψ
+
ε {γα, σµν}ψε) + 4i(θ
reg
µν − θ
reg
νµ )
−2ψ+ε (σµν [e
−ε·
→
D, γ·
→
D]eε·
→
D + e−ε·
←
D[γ·
←
D, eε·
←
D]σµν)ψε]. (148)
The Ward-Takahashi identity corresponding to the transformation (147) can be therefore
rewritten in the form
〈θregµν − θ
reg
νµ 〉c =
1
2
εµναλ∂α〈ψ
+
ε γλγ5ψε〉c +Aµν (149)
where
Aµν = −Aνµ = −
i
2
〈ψ+ε (σµν [e
−ε·
→
D, γ·
→
D]e
ε·
→
D + e−ε·
←
D[γ·
←
D, e
ε·
←
D]σµν)ψε〉c (150)
is a possible anomaly term corresponding to the violation of the naive identity (143). Such an
anomaly is called Lorentz anomaly. The regularized form of the symmetric energy-momentum
tensor T regµν is therefore
16
T regµν = θ
reg
µν −
1
4
εµναλ∂α(ψ
+
ε γλγ5ψε)−
1
2
Aµν . (151)
Provided the anomaly does not vanish, we may get modification of the divergence of the
quantum symmetric energy-momentum T regµν tensor, which, unlike in the classical case, would
not be the same as the divergence of the canonical tensor θregµν . For the anomaly we have,
using the identities (142) and the definition of the functions G(x, ε) and G±(x, ε)
Aµν =
i
2
TrScov(σµνγ ·G(x, ε) −G(x,−ε) · γσµν)
= −TrScov[(δµαγν − δναγµ)G
+
α (x, ε) + εµναλγλγ5G
−
α (x, ε)]. (152)
16This operator identity should be understood as the statement for the corresponding generating functionals
with operator insertions, i.e.
T
reg
µν · ZE [A]c = θ
reg
µν · ZE [A]c −
1
4
εµναλ∂α(ψ
+
ε γλγ5ψε) · ZE [A]c −
1
2
Aµν .
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Using now the explicit formulae for Scov and the functions G(x, ε) and G±(x, ε), it is easy to
show, that in the symmetric limit ε→ 0 we get
Aµν = O(ε) (153)
i.e., there is no SO(4) anomaly and the regularized symmetric energy-momentum tensor (151)
has the same trace and divergence as the canonical one in the limit of the removed cut-off.
9 Non-covariant point-splitting
In the previous sections we have introduced a gauge covariant version of the point-splitting
regularization for various Noether currents. In this section we relax this restriction and try to
show how the violation of the gauge covariance effects the structure of the anomalies discussed
above.
The simplest type of the non-covariant point-splitting can be achieved by replacing the
parallel transporter Ω(x, y) (which ensured the gauge covariance of the regularized currents)
by a deformed one according to the prescription
Ω(x, y) = P exp
(
−
∫ 1
0
dt(x− y) ·A(y + t(x− y))
)
→
→ P exp
(
−a
∫ 1
0
dt(x− y) ·A(y + t(x− y))
)
= Ω˜(x, y) (154)
where a is a real parameter17. Gauge covariance is then recovered putting a = 1. For further
convenience let us introduce the following notation
ψ˜ε(x) = Ω˜(x, x− ε)ψ(x − ε) = e
−ε·D˜ψ(x) = Ω−ψε(x),
ψ˜+ε (x) = ψ
+(x+ ε)Ω˜(x+ ε, x) = ψ+(x)eε·
←
D˜ = ψ+ε (x)Ω+. (155)
Here D˜ = ∂ + aA and, using the results of the previous sections,
Ω− = Ω˜(x, x− ε)Ω
+(x, x− ε) = e−ε·D˜eε·D,
Ω+ = Ω
+(x+ ε, x)Ω˜(x+ ε, x) = e−ε·
←
Deε·
←
D˜. (156)
From the operator expressions the ε−expansion of these matrix functions can be easily ob-
tained, the explicit formulae are given in Appendix B. The non-covariantly regularized cur-
rents are now built from the modified point-split fields ψ˜ε(x) and ψ˜
+
ε (x) and (in analogy
with the previous sections) they can be understood as the Noether currents corresponding to
the modified point-split transformations (85), (102), (102) and (125). Such modification is
given by replacing the covariant derivative with the deformed one D → D˜ e.g. the modified
point-split chiral rotation reads
δ˜ψ = e−ε·D˜αγ5e
−ε·D˜ψ,
δ˜ψ+ = ψ+eε·
←
D˜αγ5e
ε·
←
D˜. (157)
17That means Ω˜(x, y) corresponds to the paralell transporter allong the straight line connecting the points
x and y in the gauge field aA(x) instead of A(x).
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The above described change of the regularization scheme modifies generally the Noether
currents jaµ, j
a
µ5, θµν and the composite operators s
a = ψ+T aψ and pa = ψ+T aγ5ψ entering
the Ward-Takahashi identities by means of adding non-covariant counterterms ∆j˜aµ , ∆j˜
a
µ5,
∆θ˜µν , ∆s˜
a and ∆p˜a respectively. In this section we give a list of such counterterms and
deduce from it the additional spurious contributions to the anomalies. These contributions
can be expressed by the following formulae, which follow from the regularized form of the
Ward-Takahashi identities18
∆A˜a = Dµ∆j˜
a
µ
∆A˜a5 = Dµ∆j˜
a
µ5 − 2im∆p˜
a
∆A˜trace = ∆θ˜µµ + im∆s˜
∆A˜ν = ∂µ∆θ˜µν − ∂ν(∆θ˜µµ + im∆s˜)− F
a
µν∆j˜
a
µ
∆A˜µν = ∆θ˜µν −∆θ˜νµ −
1
2
εµναλ∂α∆j˜λ5 (158)
Let us start with the axial currents. The non-covariant point-split regularization of this
operator is
j˜a,reg5µ (x) = ψ
+(x+ ε)Ω˜(x+ ε, x)T aγµγ5Ω˜(x, x− ε)ψ(x − ε)
= ψ˜+ε T
aγµγ5ψ˜ε = ψ
+
ε Ω+T
aγµγ5Ω−ψε. (159)
and it differs from the covariant one by the following counterterm
∆j˜a,reg5µ = 〈ψ˜
+
ε T
aγµγ5ψ˜ε − ψ
+
ε T
aγµγ5ψε〉
= −TrScovγµγ5(Ω+T
aΩ− − T
a). (160)
Using the expansion
Ω± = 1 + (1− a)ε · A(x) +O(ε
2) (161)
we get
∆j˜a,reg5µ =
1− a
4pi2
TrC
((
εν
|ε|2
F ∗νµ(x) +O(1)
)
({T a, ε ·A(x)} +O(ε2))
)
(162)
and after the symmetrization over the direction of ε
∆j˜a,reg5µ =
1− a
16pi2
TrCT
a{Aν(x), F
∗
νµ(x)}+O(ε). (163)
In the same way we can prove, that for the pseudoscalar density p = ψ+γ5ψ we get countert-
erm which vanishes in the limit of the removed point-splitting
∆p˜a,reg = 〈ψ˜+ε T
aγ5ψ˜ε − ψ
+
ε T
aγ5ψε〉 = −TrS
covγ5(Ω+T
aΩ− − T
a)
= O(ε). (164)
The chiral Ward-Takahashi identity has now the following form
Dµ〈j˜
a,reg
5µ 〉 = 2im〈ψ˜
+
ε T
aγ5ψ˜ε〉+ A˜
a
5 (165)
18Here jµ = ψ
+γµψ and jµ5 = ψ
+γµγ5ψ are the singlet currents and ∆j˜µ and ∆j˜µ5 are corresponding
counterterms. The same notation without superscript is used for the singlet scalar and pseudoscalar densities.
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where
A˜a5 = A
a
5 +Dµ∆j˜
a,reg
5µ =
1
8pi2
TrCT
aF ∗µν(x)Fµν(x) +
1− a
16pi2
TrCT
a{[Dµ, Aν(x)], F
∗
νµ(x)}+O(ε).
(166)
Note, that for the abelian case we have
A˜5 =
1 + a
16pi2
F ∗µν(x)Fµν(x) (167)
and the anomaly can be eliminated taking a = −1, cf. [14].
Because the gauge symmetry is violated in this regularization scheme, we expect also
anomalous divergence of the gauge current
j˜a,regµ = ψ˜
+
ε T
aγµψ˜ε = ψ
+
ε Ω+T
aγµΩ−ψε. (168)
For the counterterm we have
∆j˜a,regµ = 〈ψ˜
+
ε T
aγµψ˜ε − ψ
+
ε T
aγµψε〉
= −TrScovγµ(Ω+T
aΩ− − T
a)
=
1
4pi2
(
εµ
|ε|4
−m2
εµ
|ε|2
+O(ln |ε|)
)
TrC(Ω+T
aΩ− − T
a) (169)
Using the formula (see Appendix B)
Ω−Ω+ = 1 + 2(1− a)(A(x) · ε) + 2(1 − a)
2(A(x) · ε)2
+
4
3
(1− a)3(A(x) · ε)3 +
1
3
(1− a)(2− a)[(A(x) · ε), (ε · ∂)(A(x) · ε)]
+
1
3
(1− a)(ε · ∂)2(A(x) · ε) +O(ε4) (170)
we get after the symmetrization over the direction of ε
∆j˜a,regµ =
1− a
8pi2
TrCT
a
(
(
1
|ε|2
−m2)Aµ
+
(1− a)2
9
(AµA ·A+A ·AAµ +AνAµAν)
+
(2− a)
36
([Aµ, ∂ ·A] + [Aν , ∂µAν ] + [Aν , ∂νAµ])
+
1
36
(2∂µ∂ · A+ ∂
2Aµ)
)
+O(ε). (171)
The regularized current j˜a,regµ has therefore anomalous divergence
Dµ〈j˜
a,reg
µ 〉 = A˜
a (172)
and the gauge anomaly is
A˜a =
1− a
8pi2
TrCT
a[Dµ, ((
1
|ε|2
−m2)Aµ
+
(1− a)2
9
(AµA · A+A · AAµ +AνAµAν)
+
(2− a)
36
([Aµ, ∂ ·A] + [Aν , ∂µAν ] + [Aν , ∂νAµ])
+
1
36
(2∂µ∂ · A+ ∂
2Aµ))] +O(ε). (173)
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In the abelian case (cf. [14]) we get
A˜ =
1− a
8pi2
((
1
|ε|2
−m2
)
∂ · A+
1
12
∂2∂ · A+
(1− a)2
3
(A2∂ · A+ 2AνA · ∂Aν)
)
(174)
which together with (167) reproduces the well known one-parameter family of gauge and
chiral anomalies [14].
Let us now calculate the non-covariantly regularized energy-momentum tensor. We have
θ˜regµν =
1
2
ψ˜+ε γµ
↔
Dν ψ˜ε =
1
2
ψ+ε Ω+γµ
↔
Dν Ω−ψε (175)
and the non-covariant counterterm can be rewritten after simple manipulation in the form
∆θ˜regµν =
1
2
〈ψ+ε γµ(Ω+[
→
Dν ,Ω−]− [Ω+,
←
Dν ]Ω− + (Ω+Ω− − 1)
→
Dν −
←
Dν (Ω+Ω−− 1))ψε〉. (176)
Using the identities (130) and (131), we have then
∆θ˜regµν = −
1
2
TrScovγµ(Ω+[
→
Dν ,Ω−]− [Ω+,
←
Dν ]Ω−
+(Ω+Ω− − 1)Γν(x, ε) + Γν(x,−ε)(Ω+Ω− − 1))
+
1
2
Tr(∂ενS
covγµ)(Ω+Ω− − 1). (177)
After some algebra (the details are given in Appendix B) we get
∆θ˜regµν =
(1− a)2
48pi2
TrC
(
δµνA
2
(
2m2 −
1
|ε|2
)
− 2AµAν
(
m2 −
2
|ε|2
))
−
(1− a)
576pi2
TrC(8δµνAα[Dβ , Fβα]− 11(Aµ[Dα, Fαν ] +Aν [Dα, Fαµ])
−5(Aα[Dν , Fµα] +Aα[Dµ, Fνα])
+(1− a)(δµν(2A · ∂∂ ·A+Aα∂
2Aα) + (Aµ∂ν +Aν∂µ)∂ ·A
+A · ∂(∂νAµ + ∂µAν) + 4Aα∂µ∂νAα −Aµ∂
2Aν −Aν∂
2Aµ
+3([Aα, Aµ](∂νAα + ∂αAν) + [Aα, Aν ](∂µAα + ∂αAµ)))
+(1− a)2(δµν(2A
4 +AαAβAαAβ)− 4({Aµ, Aν}A
2 +AµAαAνAα)))
−
(1− a)
192pi2
TrC((a+ 6)(Aµ[Dα, Fαν ]−Aν [Dα, Fαµ]) + (a− 4)A · ∂Fµν
+(1− a)(Aµ∂
2Aν −Aν∂
2Aµ − 2A · ∂[Aµ, Aν ])) (178)
where we picked up the divergent, symmetric and antisymmetric part.
Let us calculate also the non-covariant counterterm for the scalar density s = ψ+ψ, we
have using (170)
∆s˜ = 〈ψ˜+ε ψ˜ε − ψ
+
ε ψε〉 = −TrS
cov(Ω+Ω− − 1)
=
(1− a)2
8pi2
imTrCA
2. (179)
For the trace anomaly in the non-covariant regularization scheme we get then
A˜trace = ∆θ˜regµµ + im∆s˜ = −
(1− a)2
96pi2
TrC(2A · ∂∂ ·A+Aα∂
2Aα), (180)
25
The spurious Lorentz anomaly can be also easily found as
A˜µν = ∆θ˜
reg
µν −∆θ˜
reg
νµ −
1
2
εµναλ∂α∆j˜
reg
5λ
= −
(1− a)
96pi2
TrC((a+ 6)(Aµ[Dα, Fαν ]−Aν [Dα, Fαµ]) + (a− 4)A · ∂Fµν
+(1− a)(Aµ∂
2Aν −Aν∂
2Aµ − 2A · ∂[Aµ, Aν ]))
−
1− a
16pi2
∂αTrC(AαFµν +AµFνα −AνFµα), (181)
or, after some algebra,
A˜µν = −
1− a
16pi2
(a(Aµ[Dα, Fαν ]−Aν [Dα, Fαµ]) + (a+ 2)A · ∂Fµν
+6([Dα, Aµ]∂νAα − [Dα, Aν ]∂µAα + Fµν∂ ·A)
+(1− a)(Aµ∂
2Aν −Aν∂
2Aµ − 2A · ∂[Aµ, Aν ])). (182)
Especially in the abelian case we have
A˜µν =
1− a
16pi2
(
a
6
(Aµ∂ν −Aν∂µ)∂ · A−
1
6
(2 + a)A · ∂Fµν
−
1
6
(Aµ∂
2Aν −Aν∂
2Aµ)
−Fµν∂ · A− (∂αAµ)(∂νAα) + (∂αAν)(∂µAα)
)
. (183)
For the translation anomaly we get
∆A˜ν = ∂µ∆θ˜µν − ∂νA˜
trace − F aµν∆j˜
a
µ
=
(1− a)2
48pi2
TrC
(
∂νA
2
(
2m2 −
1
|ε|2
)
− 2∂µ(AµAν)
(
m2 −
2
|ε|2
)
−6FµνAµ
(
1
|ε|2
−m2
))
−
(1− a)
576pi2
∂µTrC(8δµνAα[Dβ , Fβα]− 11(Aµ[Dα, Fαν ] +Aν [Dα, Fαµ])
−5(Aα[Dν , Fµα] +Aα[Dµ, Fνα])
+(1− a)(−5δµν(2A · ∂∂ ·A+Aα∂
2Aα) + (Aµ∂ν +Aν∂µ)∂ ·A
+A · ∂(∂νAµ + ∂µAν) + 4Aα∂µ∂νAα −Aµ∂
2Aν −Aν∂
2Aµ
+3([Aα, Aµ](∂νAα + ∂αAν) + [Aα, Aν ](∂µAα + ∂αAµ)))
+(1− a)2(δµν(2A
4 +AαAβAαAβ)− 4({Aµ, Aν}A
2 +AµAαAνAα)))
−
(1− a)
192pi2
∂µTrC((a+ 6)(Aµ[Dα, Fαν ]−Aν [Dα, Fαµ]) + (a− 4)A · ∂Fµν
+(1− a)(Aµ∂
2Aν −Aν∂
2Aµ − 2A · ∂[Aµ, Aν ]))
−
(1− a)
288pi2
TrCFµν(4(1 − a)
2(AµA · A+A · AAµ +AνAµAν)
+(2− a)([Aµ, ∂ · A] + [Aν , ∂µAν ] + [Aν , ∂νAµ])
+(2∂µ∂ ·A+ ∂
2Aµ))) (184)
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Let us note, that the formulae (166), (173), (180), (182) and (184) for the anomalies can
be also obtained by means of the corresponding modification of the Ward-Takahashi identities
approach used in the previous sections. E.g. we have the following Ward-Takahashi identity
for the non-covariantly point-split chiral transformation (157)
δSE =
∫
d4x
(
ψ˜+ε [γ ·D,α]γ5ψ˜ε + 2imψ˜
+
ε αγ5ψ˜ε
)
+
∫
d4x
(
ψ˜+ε (αγ5[e
−ε·
→
D˜, γ·
→
D]eε·
→
D˜ − e−ε·
←
D˜[γ·
←
D, eε·
←
D˜]γ5α)ψ˜ε
)
, (185)
that means we have
A˜a5 = 〈ψ˜
+
ε (αγ5[e
−ε·
→
D˜, γ·
→
D]e
ε·
→
D˜ − e−ε·
←
D˜[γ·
←
D, e
ε·
←
D˜]γ5α)ψ˜ε〉. (186)
It is an easy exercise to prove, that this expression reproduces the formula (166).
10 Properties of the vector current
In the previous section we have defined the covariant vector current by means of the formula
ja,regµ = ψ
+
ε T
aγµψε. (187)
From this formula it follows immediately that the regularized current transforms covariantly
under the gauge transformations. There exist also other definitions of the covariant point-
split currents, which differ from this by the order of the parallel transporter and the gauge
generator T a. E.g. in ref. [2] the authors use the prescription
ja,reg
µ,(1) = ψ
+(x+ ε)T aγµΩ(x+ ε, x− ε)ψ(x− ε) (188)
or
ja,reg
µ,(2) =
1
2
ψ+(x+ ε){T a,Ω(x+ ε, x− ε)}γµψ(x− ε). (189)
Let us now clarify the relations between these currents. We can write
ja,reg
µ,(1) = ψ
+
ε e
−ε·
←
Deε·
←
∂ T aγµΩ(x+ ε, x)ψε, (190)
or, using the identity
Ω(x+ ε, x) = e−ε·
←
∂ eε·
←
D, (191)
we have
ja,reg
µ,(1) = ψ
+
ε e
−ε·
←
Deε·
←
∂ T aγµe
−ε·
←
∂ eε·
←
Dψε
= ψ+ε e
−ε·
←
DT aγµe
ε·
←
Dψε. (192)
That means the current (187) and (188) differ by the counterterm
∆(1)j
a
µ = 〈ψ
+
ε (e
−ε·
←
DT aeε·
←
D − T a)γµψε〉
= −TrScovγµ(e
−ε·
←
DT aeε·
←
D − T a). (193)
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Because
e−ε·
←
DT aeε·
←
D − T a =
∞∑
n=1
1
n!
[ε ·D, [ε ·D, [· · · [ε ·D,T a] . . .]], (194)
we have
∆(1)j
a
µ =
1
4pi2
TrC
((
εµ
|ε|4
−m2
εµ
|ε|2
+O(ln |ε|)
)
×([ε ·D,T a] +
1
2
[ε ·D, [ε ·D,T a]] +
1
6
[ε ·D, [ε ·D[ε ·D,T a]]] +O(ε4))
)
= O(ε, ε ln |ε|), (195)
in the same way we can easily prove
∆(2)j
a
µ = j
a,reg
µ,(2) − j
a,reg
µ = O(ε). (196)
That means that all the above introduced currents are equivalent in the limit of the removed
point-splitting (cf. [2]). But only one of them, namely ja,regµ (x), transforms covariantly
according to the naive prescription
jµ(x)→ U(x)jµ(x)U
+(x) (197)
already on the regularized level, the other currents have shifted the space time argument of
the transformation matrix U .
Let us investigate also another property of the general regularized current ja,regµ (x). Pro-
vided the integrability conditions
Iabµν(x, y)[A] =
δ
δAbν(y)
〈ja,regµ (x)〉c −
δ
δAaµ(x)
〈jb,regν (y)〉c = 0, (198)
are satisfied, the current can be expressed as a functional derivative of the effective action
functional ΓE[A] = lnZE [A], i.e.
ja,regµ (x) · ZE [A] = 〈j
a,reg
µ (x)〉c = −
δ
δAaµ(x)
ΓE [A]c (199)
or, equivalently, it can be integrated to define the consistent effective action consistent with
the relation (199)
ΓE [A] = −
∫ 1
0
dt
∫
d4xAaµ(x)j
a,reg
µ (x) · ZE [tA]c. (200)
ja,regµ (x) · ZE [A]c can be then interpreted as a consistent generator of the correlators of the
vector currents (i.e. which obeys Bose symmetry) corresponding to the naive formula
〈ja1µ1(x1)j
a2
µ2
(x2) . . . j
an
µn
(xn)〉c = (−1)
n−1 δ
n−1
δAa2µ2(x2) · · · δA
an
µn(xn)
ja1,regµ1 (x1) · ZE [A]c. (201)
On the other hand, provided the right hand side of (198) is nonzero, the effective action
defined by means of the integral (200) does not yield the original current, but the integrable
one (cf. also [2] and [15])
Ja,regµ (x) · ZE[A] = −
δ
δAaµ(x)
ΓE [A]c = j
a,reg
µ (x) · ZE[A]−
∫ 1
0
dt t
∫
d4yIabµν(x, y)[tA]A
b
ν(y)
(202)
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the covariant derivative of which gives the consistent anomaly satisfying the Wess-Zumino
consistency conditions [16].
Another characteristics of the general point-split current is the violation of the covariance
Cabµ (x, y)[A] = D
ac
ν (y)
δ
δAcν(y)
jb,regµ (x) · ZE [A]c − δ
(4)(x− y)facbjc,regµ (x) · ZE [A]c. (203)
where Dacν (y) = ∂νδ
ac + fdcaAdν(y) is the covariant derivative in the adjoint representation
and fdca are the totally antisymmetric structure constants of the gauge group. Cabµ (x, y)[A]
can be rewritten using (198) to the form (cf. ref. [15])
Cabµ (x, y)[A] = D
ac
ν (y)I
bc
µν(x, y)[A] +
δ
δAbµ(x)
Dacν (y)j
c,reg
ν (y) · ZE [A]c
= −Dacν (y)I
cb
νµ(y, x)[A] +
δ
δAbµ(x)
Aa(y)[A] (204)
where Aa(y)[A] = Dacν (y)〈j
c,reg
ν (y)〉c is the anomaly. From this equation it is easily seen, that
anomaly free integrable current is necessary covariant and covariant and integrable current
must be anomaly free.
As an illustration, we prove in the following that for the covariant point-splitting described
in the previous sections the integrability conditions (198) are not violated (cf. also [2]). Let
us decompose the covariantly regularized current (187) into two parts, namely
ja,regµ = j˜
a,reg
µ −∆j˜
a,reg
µ , (205)
where j˜a,regµ is the non-covariantly regularized vector current (168) described in the previous
section and ∆j˜a,regµ is the corresponding counterterm and choose appropriately the value of
the regularization parameter a in order to simplify the calculations of Iabµν(x, y) as much as
possible. The contribution ∆I˜abµν(x, y) of the counterterm ∆j˜
a,reg
µ to the left hand side of the
integrability condition (198) can be easily obtained from the formula (169) as
∆I˜abµν(x, y) =
δ
δAbν(y)
〈∆j˜a,regµ (x)〉c −
δ
δAaµ(x)
〈∆j˜b,regν (y)〉c
=
(1− a)(2− a)
96pi2
δ(4)(x− y)TrC [T
a, T b](δµν∂ · A+ ∂µAν + ∂νAµ)
+O(ε, ε ln |ε|). (206)
The contribution of the non-covariantly regularized vector current, I˜abµν(x, y), can be rewritten
in the form
I˜abµν(x, y) =
δ
δAbν(y)
〈j˜a,regµ (x)〉c −
δ
δAaµ(x)
〈j˜b,regν (y)〉c
= −〈ψ˜+ε (x)T
aγµψ˜ε(x)ψ
+(y)T bγνψ(y)〉c + 〈ψ
+(x)T aγµψ(x)ψ˜
+
ε (y)T
bγνψ˜e(y)〉c
+〈ψ+(x)(
δ
δAbν(y)
eε·
←
D˜)T aγµψ˜ε(x)〉c + 〈ψ˜
+
ε (x)T
aγµ(
δ
δAbν(y)
e−ε·D˜)ψ(x)〉c
−〈ψ+(y)(
δ
δAaµ(x)
eε·
←
D˜)T bγµψ˜ε(y)〉c − 〈ψ˜
+
ε (y)T
bγµ(
δ
δAaµ(x)
e−ε·D˜)ψ(y)〉c.
(207)
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Putting in this formula the value of the regularization parameter a = 0, we get much less
complicated expression
I˜abµν(x, y)|a=0 = −〈ψ
+(x+ ε)T aγµψ(x− ε)ψ
+(y)T bγνψ(y)〉c
+〈ψ+(x)T aγµψ(x)ψ
+(y + ε)T bγνψ(y − ε)〉c
= TrT aγµS(x− ε, y)T
bγνS(y, x+ ε)
−TrT aγµS(x, y + ε)T
bγνS(y − ε, x). (208)
For x 6= y the right hand side is easily seen to vanish in the limit ε → 0, however for x = y
we get singular expression; i.e. I˜abµν(x, y)|a=0 as a function of y is a distribution concentrated
at y = x. Let us therefore calculate the expression∫
d4yBbν(y)I˜
ab
µν(x, y)|a=0 =
∫
d4y(TrT aγµS(x− ε, y)B(y) · γS(y, x+ ε)
−TrT aγµS(x, y + ε)B(y) · γS(y − ε, x)), (209)
where Bbν(y) are appropriately smooth test functions with compact support. Inserting here
the expansion of the propagator
S(x, y) =
1
4pi2
(
−2
γ · (x− y)
|x− y|4
+ 2
γ · (x− y)(x− y) · A(x)
|x− y|4
− im
1
|x− y|2
−
γ · (x− y)(x− y) · A(x)A(x) · (x− y)
|x− y|4
+
1
2
m2
γ · (x− y)
|x− y|2
+
1
2
(x− y)αF
∗
αβ(x)γβγ5
|x− y|2
− im
(x− y) ·A(x)
|x− y|2
+O(ln |ε|)
)
, (210)
where x = (x + y)/2, we find after the substitution y = x+ |ε|z , that the potentially most
singular term stemming from the product of the leading singularity in the expansion of S(x, y)
cancel and the only terms, which survives the limit ε→ 0 comes from the product of the first
two terms of (210), namely∫
d4yBbν(y)I˜
ab
µν(x, y)|a=0 = −
1
4pi4
TrD(γµγαγνγβ)
1
|ε|
∫
d4zBbν(x+ |ε|z)
∆+α∆−β
|∆+|4|∆−|4
×(TrC(T
aT b(Aγ(x+)−Aγ(x−))∆−γ)
+TrC(T
bT a(Aγ(x+)−Aγ(x−))∆+γ)) +O(ε ln |ε|), (211)
here we denote
∆± =
x− y ∓ ε
|ε|
= ∓(z ± n) (212)
x± =
1
2
(x+ y ± ε) = x+
1
2
|ε|(z ± n) (213)
and n = ε/|ε| . We have therefore, after the substitution z → −z in the second term∫
d4yBbν(y)I˜
ab
µν(x, y)|a=0 = −
1
4pi4
TrD(γµγαγνγβ)B
b
ν(x)TrC([T
a, T b]∂δAγ)nδJαβγ(n)
+O(ε ln |ε|), (214)
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where
Jαβγ(n) =
∫
d4z
∆+α∆−β∆−γ
|∆+|4|∆−|4
=
pi2
8
(δαβnγ − δβγnα + δαγnβ − 2nαnβnγ). (215)
I.e. after taking the average over the directions of n and some algebra we get
I˜abµν(x, y)|a=0 =
1
48pi2
δ(4)(x− y)TrC([T
a, T b](δµν∂ · A+ ∂µAν + ∂νAµ))
+O(ε, ε ln |ε|) (216)
and19
Iabµν(x, y) = I˜
ab
µν(x, y)|a=0 −∆I˜
ab
µν(x, y)|a=0 = O(ε, ε ln |ε|).
That means the covariantly regularized vector current is integrable and, because its divergence
is zero, the effective action (200) is gauge invariant.
19We could also obtain this result in a more direct way and get independent check of the calculation. Let
us write
I
ab
µν(x, y) = I
ab
µν(x, y)
(1) + Iabµν(x, y)
(2)
where
I
ab
µν(x, y)
(1) = TrT aγµΩ(x, x− ε)S(x− ε, y)T
b
γνS(y, x+ ε)Ω(x+ ε, x)
−TrT bγνΩ(y, y − ε)S(y − ε, x)T
a
γµS(x, y + ε)Ω(y + ε, y)
and
I
ab
µν(x, y)
(2) = TrScov(x, ε)γµ(∆
b
ν(x, y,−ε)T
a − T a∆bν(x, y, ε))
−TrScov(y, ε)γν(∆
a
µ(y, x,−ε)T
b − T b∆aµ(y, x, ε))
where
∆bν(x, y, ε) =
(
δ
δAbν(y)
e−ε·D
)
eε·D = −
∫ 1
0
dte−tε·Dενδ
(4)(x− y)T betε·D
=
∞∑
n=0
(−1)n+1
(n+ 1)!
[ε ·D, [ε ·D, [· · · [ε ·D, ενδ
(4)(x− y)T b] . . .]].
Using the same method as in the main text, we can easily prove that Iabµν(x, y)
(1) = 0. We have therefore,
dropping terms which vanish after symmetrization over the directions of the four-vector ε,
I
ab
µν(x, y)
(2) = −
1
4pi2
(
εµεν
|ε|4
−m2
εµεν
|ε|2
+O(ln |ε|)
)
×TrC
(
2
3
ε · ∂δ(4)(x− y)[ε ·A(x), T b]T a
+
1
3
δ
(4)(x− y)[ε ·D, [ε ·A(x), T b]]T a
+
1
3
(ε · ∂)2δ(4)(x− y)T bT a +O(ε3)
)
− ((x, a)↔ (y, b))
= O(ε, ε ln |ε|),
i.e.
I
ab
µν(x, y) = O(ε, ε ln |ε|).
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As it is seen from formula (206), for the non-covariant point-splitting
I˜abµν(x, y) = ∆I˜
ab
µν(x, y) =
(1− a)(2− a)
96pi2
δ(4)(x− y)TrC [T
a, T b](δµν∂ · A+ ∂µAν + ∂νAµ)
+O(ε, ε ln |ε|) (217)
and therefore we can recover integrability also for a = 2. We can also enlarge the class
of regularizations and construct one parametric set of integrable non-covariant vector cur-
rents within such an enlarged point-splitting scheme in the following way. Let us define the
regularized current to be
ja,regµ (x; a, b) =
1
2
(ψ˜+ε (x, a)T
aγµψ˜ε(x, b) + ψ˜
+
ε (x, b)T
aγµψ˜ε(x, a)) (218)
where
ψ˜ε(x, a) = e
−ε·D(a)ψ(x)
ψ˜+ε (x, a) = ψ(x)e
ε·
←
D(a) (219)
and D(a) = ∂ + aA. This broad class of regularizations naturally incorporates the previ-
ously introduced currents for special choice of the parameters a and b, namely j˜a,regµ (x) =
ja,regµ (x; a, a) and j
a,reg
µ (x) = j
a,reg
µ (x; 1, 1). It is not difficult to calculate the counterterm
∆ja,regµ (x; a, b) = j
a,reg
µ (x; a, b) − j
a,reg
µ (x), (220)
using the methods described in the previous section. We have
∆ja,regµ (x; a, b) = −
1
2
TrScovγµ(Ω+(a)T
aΩ−(b) + Ω+(b)T
aΩ−(a)− 2T
a) (221)
where we explicitly picked up the value of the parameters in the functions Ω±. Using the
formulae of Appendix B we get
1
2
(Ω−(a)Ω+(b) + Ω−(b)Ω+(a)) = 1 + 2
(
1−
a+ b
2
)
ε ·A+ 2
(
1−
a+ b
2
)2
(ε · A)2
+
4
3
(
1−
a+ b
2
)3
(ε · A)3 +
1
3
(
1−
a+ b
2
)
(ε · ∂)2ε · A
+
1
12
((1− a)(a− 3b+ 4) + (1− b)(b− 3a+ 4))
×[ε ·A, ε · ∂A · ε] +O(ε4) (222)
and therefore
∆ja,regµ (x; a, b) =
1
8pi2
TrCT
a
((
1−
a+ b
2
)(
1
|ε|2
−m2
)
Aµ
+
1
9
(
1−
a+ b
2
)3
(AµA · A+A ·AAµ +AνAµAν)
+
1
144
((1 − a)(a− 3b+ 4) + (1− b)(b− 3a+ 4))
×([Aµ, ∂ · A] + [Aν , ∂µAν ] + [Aν , ∂νAµ])
+
1
36
(
1−
a+ b
2
)
(2∂µ∂ · A+ ∂
2Aµ)
)
+O(ε). (223)
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This generally nonintegrable counterterm is “minimal” for a+ b = 2 , in this case
∆ja,regµ (x; a, 2 − a) = −
(1− a)2
144pi2
TrCT
a([Aµ, ∂ ·A] + [Aν , ∂µAν ] + [Aν , ∂νAµ]), (224)
This minimal choice is exceptional also for another reason. Let us note, that provided we
regularize the axial current in the analogous way, i.e. if we put
ja,regµ5 (x; a, b) =
1
2
(ψ˜+ε (x, a)T
aγµγ5ψ˜ε(x, b) + ψ˜
+
ε (x, b)T
aγµγ5ψ˜ε(x, a)), (225)
we get the following non-covariant counterterm, which modifies the covariantly regularized
current ja,regµ5 (x) = j
a,reg
µ5 (x; 1, 1)
∆ja,regµ5 (x; a, b) = j
a,reg
µ5 (x; a, b) − j
a,reg
µ5
= −
1
2
TrScovγµγ5(Ω+(a)T
aΩ−(b) + Ω+(b)T
aΩ−(a)− 2T
a)
=
1
16pi2
(
1−
a+ b
2
)
TrCT
a{Aν , F
∗
νµ}+O(ε). (226)
This counterterm vanishes and the gauge covariance is recovered in the limit of the removed
cut-off again for a and b satisfying a+ b = 2.
The non-covariant current ja,regµ (x; a, b) can be made integrable for a and b for which
(1− a)(a− 3b+ 4) + (1− b)(b− 3a+ 4) = 0; (227)
especially for the “minimal” choice a = 1 ( however then b = 2 − a = 1 and the gauge
covariance is recovered ). The gauge invariance of the effective action Γ˜[A] integrated from
such a current is generally lost, its variation under gauge transformation is determined by the
non-covariant anomaly,
Γ˜[A− [D,α]] =
1
8pi2
(
1−
a+ b
2
)∫
d4xTrCα(x)[Dµ, ((
1
|ε|2
−m2)Aµ
+
1
9
(
1−
a+ b
2
)2
(AµA ·A+A ·AAµ +AνAµAν)
+
1
36
(2∂µ∂ · A+ ∂
2Aµ))] +O(ε). (228)
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Appendix A
In this appendix we give some technical details of the previous calculation. We present
33
here the explicit form of the functions a0(x, x − ε)a1(x − ε, x + ε)a0(x + ε, x), Gµ(x, ε) and
Hµ(x, ε) used in the main text.
Let us first derive the formula (50). As we have seen in Section 2, for a1(x, y) we have the
following expression
a1(x, y) = −
∫ 1
0
dta0(x, x˜t)∆x˜ta0(x˜t, y), (229)
where
x˜t = y + t(x− y) (230)
and
∆ = −D2 −
i
2
σµνFµν . (231)
I.e. we have
a0(x, x− ε)a1(x− ε, x+ ε)a0(x+ ε, x) = −
∫ 1
0
dta0(x, xt)∆xta0(xt, x+ ε)a0(x+ ε, x)
=
i
2
∫ 1
0
dta0(x, xt)σµνFµν(xt)a0(xt, x)
+
∫ 1
0
dta0(x, xt)(D
2
xt
a0(xt, x+ ε))a0(x+ ε, x)
(232)
where now
xt = x+ ε(1− 2t). (233)
Let us remind that
a0(x, y) = T exp
(
−
∫ 1
0
dt(x− y) ·A(y + t(x− y))
)
, (234)
i.e.
a0(x, xt) = T exp
(
−
∫ 1
0
dτ(x− xt) · A(xt + τ(x− xt))
)
(235)
and
a0(xt, x) = T exp
(∫ 1
0
dτ(x− xt) ·A(x+ τ(xt − x))
)
. (236)
Expanding this to the first order in ε we get
a0(x, xt) = 1− (2t− 1)ε · A(x) +O(ε
2) (237)
and
a0(xt, x) = 1 + (2t− 1)ε · A(x) +O(ε
2). (238)
We have therefore immediately
i
2
∫ 1
0
dta0(x, xt)σµνFµν(xt)a0(xt, x)
=
i
2
∫ 1
0
dta0(x, xt)σµν(Fµν(x) + (1− 2t)ε · ∂Fµν(x))a0(xt, x) +O(ε
2)
=
i
2
σµνFµν(x) +
i
2
∫ 1
0
dt(1− 2t)ε · (∂Fµν(x) + [A(x), Fµν (x)])σµν +O(ε
2)
=
i
2
σµνFµν(x) +O(ε
2). (239)
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Let us calculate also two other quantities, namely Dx,µa0(x, y) and D
2
xa0(x, y). From the
equation
(x− y) ·Dxa0(x, y) = 0 (240)
we get
Dx,µa0(x, y) + (x− y)αDx,µDx,αa0(x, y)
= (1 + (x− y) ·Dx)Dx,µa0(x, y)− (x− y)αFαµa0(x, y) = 0 (241)
and, using the left hand side of the previous equation and the identity [D2,Dα] = [Dµ, Fµα]+
2FµαDµ, we have
2D2xa0(x, y) + (x− y)αD
2
xDx,αa0(x, y)
= (2 + (x− y) ·Dx)D
2
xa0(x, y) + (x− y)α([Dµ, Fµα] + 2FµαDµ)a0(x, y) = 0. (242)
From this equations we get for tDx˜t,µa0(x˜t, y) and t
2D2
x˜t
a0(x˜t, y) the following ordinary dif-
ferential equations
d
dt
tDx˜t,µa0(x˜t, y) = −(x− y) ·A(x˜t)tDx˜t,µa0(x˜t, y)
+t(x− y)αFαµ(x˜t)a0(x˜t, y) (243)
and
d
dt
t2D2
x˜t
a0(x˜t, y) = −(x− y) ·A(x˜t)t
2D2
x˜t
a0(x˜t, y)
−t2(x− y)α([Dx˜t,µ, Fµα(x˜t)] + 2Fµα(x˜t)Dx˜t,µ)a0(x˜t, y) (244)
with the solutions
tDx˜t,µa0(x˜t, y) = (x− y)α
∫ t
0
dττa0(x˜t, x˜τ )Fαµ(x˜τ )a0(x˜τ , y) (245)
and
t2D2
x˜t
a0(x˜t, y) = −(x− y)α
∫ t
0
dττ2a0(x˜t, x˜τ )[Dx˜τ ,µ, Fµα(x˜τ )]a0(x˜τ , y)
−2(x− y)α
∫ t
0
dττa0(x˜t, x˜τ )Fµα(x˜τ )(τDx˜τ ,µa0(x˜τ , y)). (246)
Now, setting x → x− ε, y → x+ ε, we can easily expand in powers of ε. From (245) we see
that up to the order O(ε) only the first term on the right hand side of (246) contributes, i.e.
t2D2xta0(xt, y) = −2εα
∫ t
0
dττ2[Dµ, Fµα(x)] +O(ε
2)
= −2εα
t3
3
[Dµ, Fµα(x)] +O(ε
2). (247)
As a result we have∫ 1
0
dta0(x, xt)(D
2
xt
a0(xt, x+ ε))a0(x+ ε, x) = −2εα
∫ 1
0
dt
t
3
[Dµ, Fµα(x)] +O(ε
2)
= −
1
3
εα[Dµ, Fµα(x)] +O(ε
2). (248)
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Finally we get
a0(x, x− ε)a1(x− ε, x+ ε)a0(x+ ε, x) =
i
2
σµνFµν(x) +
1
3
εα[Dµ, Fµα(x)] +O(ε
2). (249)
Now we present the derivation of the right hand side of the formula (60). Let us evaluate
the following expression
∂εµ(e
−ε·
→
DxG(x, y;m2)eε·
←
Dy) = −
∫ 1
0
dte−tε·
→
Dx
→
Dµ,x e
tε·
→
Dxe−ε·
→
DxG(x, y;m2)eε·
←
Dy
+
∫ 1
0
dte−ε·
→
DxG(x, y;m2)eε·
←
Dye−tε·
←
Dy
←
Dµ,y e
tε·
←
Dy
= −e−ε·
→
Dx
→
Dµ,x G(x, y;m
2)eε·
←
Dy + e−ε·
→
DxG(x, y;m2)
←
Dµ,y e
ε·
←
Dy
−
∫ 1
0
dtte−tε·
→
Dx[ε·
→
Dx,
→
Dµ,x]e
tε·
→
Dxe−ε·
→
DxG(x, y;m2)eε·
←
Dy
+
∫ 1
0
dtte−ε·
→
DxG(x, y;m2)eε·
←
Dye−tε·
←
Dy [ε·
←
Dy,
←
Dµ,y]e
tε·
←
Dy ,
(250)
where we have used integration by parts to get the last lines. Introducing the function
Hµ(x, ε) = −
∫ 1
0
dtte−tε·
→
Dx[ε·
→
Dx,
→
Dµ,x]e
tε·
→
Dx
= −
∫ 1
0
dtte−tε·
→
DxενFνµ(x)e
tε·
→
Dx
=
∞∑
n=0
(−1)n+1
n!(n+ 2)
[ε ·D, [ε ·D, [. . . , [ε ·D, ενFνµ(x)] . . .]]]. (251)
we can rewrite it in the form
∂εµ(e
−ε·
→
DxG(x, y;m2)eε·
←
Dy) = −e−ε·
→
Dx
→
Dµ,x G(x, y;m
2)eε·
←
Dy + e−ε·
→
DxG(x, y;m2)
←
Dµ,y e
ε·
←
Dy
+Hµ(x, ε)e
−ε·
→
DxG(x, y;m2)eε·
←
Dy
+e−ε·
→
DxG(x, y;m2)eε·
←
DyHµ(x,−ε). (252)
Analogously we have
[Dµ, G
cov(x, ε)] = ∂µG
cov(x, ε) +Aµ(x)G
cov(x, ε)−Gcov(x, ε)Aµ(x)
= ∂xµe
−ε·
→
DxG(x, y;m2)eε·
←
Dy + e−ε·
→
DxG(x, y;m2)eε·
←
Dy
←
∂
y
µ
+Aµ(x)e
−ε·
→
DxG(x, y;m2)eε·
←
Dy − e−ε·
→
DxG(x, y;m2)eε·
←
DyAµ(y)|x=y
= Dx,µe
−ε·
→
DxG(x, y;m2)eε·
←
Dy + e−ε·
→
DxG(x, y;m2)eε·
←
Dy
←
Dy,µ |x=y
= e−ε·
→
Dx
→
Dµ,x G(x, y;m
2)eε·
←
Dy + e−ε·
→
DxG(x, y;m2)
←
Dµ,y e
ε·
←
Dy |x=y
+[
→
Dµ,x, e
−ε·
→
Dx ]eε·
→
DxGcov(x, ε) +Gcov(x, ε)e−ε·
←
Dx [eε·
←
Dx ,
←
Dµ,x]. (253)
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and introducing the function
Gµ(x, ε) = −[
→
Dµ,x, e
−ε·
→
Dx ]eε·
→
Dx =
∫ 1
0
dte−tε·
→
DxFµνενe
tε·
→
Dx
=
∞∑
n=0
(−1)n
(n+ 1)!
[ε ·D, [ε ·D, [. . . , [ε ·D, ενFµν(x)] . . .]]] (254)
we have
[Dµ, G
cov(x, ε)] = e−ε·
→
Dx
→
Dµ,x G(x, y;m
2)eε·
←
Dy + e−ε·
→
DxG(x, y;m2)
←
Dµ,y e
ε·
←
Dy |x=y
−Gµ(x, ε)G
cov(x, ε) +Gcov(x, ε)Gµ(x,−ε). (255)
As a result we have
e−ε·
→
Dx
→
Dµ,x G(x, y;m
2)eε·
←
Dy |x=y =
1
2
([Dµ, G
cov(x, ε)] − ∂εGcov(x, ε)
+Gµ(x, ε)G
cov(x, ε) −Gcov(x, ε)Gµ(x,−ε)
+Hµ(x, ε)G
cov(x, ε) +Gcov(x, ε)Hµ(x,−ε));
(256)
this is the formula (60).
Appendix B
In this appendix we give some details of the calculation within the non-covariant point-
splitting. Let us first derive the ε-expansion of the matrix functions Ω±. We have
Ω− = Ω˜(x, x− ε)Ω
+(x, x− ε) = e−ε·D˜eε·D,
Ω+ = Ω
+(x+ ε, x)Ω˜(x+ ε, x) = e−ε·
←
Deε·
←
D˜. (257)
where D˜ = ∂ + aA and
←
D˜=
←
∂ −aA are the non-covariant modification of the covariant
derivatives. Using the Baker-Campbell-Hausdorff formula we get
Ω− = Ω˜(x, x− ε)Ω
+(x, x− ε) = e−ε·D˜eε·D
= e−ε·D˜+ε·D−
1
2
[ε·D˜,ε·D]+ 1
12
[ε·D˜,[ε·D˜,ε·D]]− 1
12
[ε·D,[ε·D,ε·D˜]]+O(ε4)
= 1 + ε · (D − D˜) +
1
2
([ε · D˜, (ε · D˜ − ε ·D)] + (ε · (D − D˜))2)
+
1
6
((ε · (D − D˜))3 −
1
4
{ε · (D − D˜), [ε · D˜, ε ·D]}+
1
12
[ε · (D + D˜), [ε · D˜, ε ·D]]
+O(ε4). (258)
Using now ε ·D − ε · D˜ = (1− a)ε ·A , we rewrite this to the final form
Ω− = 1 + (1− a)ε ·A+
1
2
(1− a)((1 − a)(ε ·A)2 − (ε · ∂ε ·A)
+
1
6
(1− a)((ε · ∂)2ε ·A+ (1− a)2(ε ·A)3
+(2a− 1)ε ·Aε · ∂ε · A+ (a− 2)(ε · ∂ε ·A)ε · A) +O(ε4). (259)
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If we realize, that Ω+ = e
−ε·
←
Deε·
←
D˜ = eε·De−ε·D˜ = (eε·D˜e−ε·D)+, we can immediately obtain
Ω+ by means of Hermitian conjugation and replacing then ε→ −ε, i.e.
Ω+ = 1 + (1− a)ε ·A+
1
2
(1− a)((1 − a)(ε ·A)2 + (ε · ∂ε ·A)
+
1
6
(1− a)((ε · ∂)2ε ·A+ (1− a)2(ε · A)3
−(2a− 1)(ε · ∂ε ·A)ε · A− (a− 2)ε ·Aε · ∂ε · A) +O(ε4). (260)
It is now straightforward to get the formula
Ω−Ω+ = 1 + 2(1 − a)ε ·A+ 2(1 − a)
2(ε ·A)2
+
4
3
(1− a)3(ε ·A)3 +
1
3
(1− a)(ε · ∂)2ε · A
+
1
3
(1− a)(2 − a)[ε ·A, ε · ∂ε ·A] +O(ε4), (261)
which was used in the main text. We need also the expansion of the trace TrC(Ω+Ω−− 1) to
the fourth order in ε. We have, using the operator expression for Ω±, for the fourth term of
the ε expansion
TrC(Ω+Ω−)
(4) =
1
2
TrC(Ω+Ω− +Ω−Ω+)
(4)
=
1
2
TrC(
4
3
(ε ·D)4 +
4
3
(ε · D˜)4 −
4
3
{ε ·D, (ε · D˜)3} −
4
3
{ε · D˜, (ε ·D)3}
+{ε ·D, {ε ·D, (ε · D˜)2}}+ {ε · D˜, {ε · D˜, (ε ·D)2}}
−
1
3
{ε ·D, {ε ·D, {ε ·D, ε · D˜}}}
−
1
3
{ε · D˜, {ε · D˜, {ε · D˜, ε ·D}}}). (262)
After some algebra we get
TrC(Ω+Ω−)
(4) =
1
6
TrC(4(ε · (D − D˜))
4 + {ε · (D − D˜), [ε · (D + D˜), [ε · D˜, ε · (D − D˜)]]})
=
2
3
TrC((1− a)
4(ε ·A)4 + (1− a)2ε · A(ε · ∂)2ε · A). (263)
Let us now work out the expression Ω+[
→
Dν ,Ω−]− [Ω+,
←
Dν ]Ω−. We have
Ω+[
→
Dν ,Ω−]− [Ω+,
←
Dν ]Ω− = Ω+[
→
Dν , e
−ε·D˜eε·D]− [e−ε·
←
Deε·
←
D˜,
←
Dν ]Ω−
= Ω+[
→
Dν , e
−ε·D˜]eε·D˜e−ε·D˜eε·D +Ω+e
−ε·D˜eε·De−ε·D[
→
Dν , e
ε·D]−
−e−ε·
←
Deε·
←
D˜e−ε·
←
D˜[eε·
←
D˜,
←
Dν ]Ω− − [e
−ε·
←
D,
←
Dν ]e
ε·
←
De−ε·
←
Deε·
←
D˜Ω−
= −Ω+G˜ν(x, ε)Ω− +Ω+Ω−Gν(x, ε)
−Ω+G˜ν(x,−ε)Ω− +Gν(x,−ε)Ω+Ω−, (264)
where
G˜ν(x, ε) = [e
−ε·D˜
→
,Dν ]e
ε·D˜ =
∞∑
n=0
(−1)n
(n+ 1)!
[ε · D˜, [ε · D˜, [. . . , [ε · D˜,Dν ] . . .]]] (265)
38
is a non-covariant modification of the function Gν(x, ε) introduced above. For the calculation
of the counterterm ∆θ˜µν we have derived
∆θ˜regµν = −
1
2
TrScovγµ(Ω+[
→
Dν ,Ω−]− [Ω+,
←
Dν ]Ω−
+(Ω+Ω− − 1)Γν(x, ε) + Γν(x,−ε)(Ω+Ω− − 1))
+
1
2
Tr(∂ενS
covγµ)(Ω+Ω− − 1). (266)
Remembering the formula for the TrDS
covγµ and noting that
Ω+[
→
Dν ,Ω−]− [Ω+,
←
Dν ]Ω− + (Ω+Ω− − 1)Γν(x, ε) + Γν(x,−ε)(Ω+Ω− − 1) = O(ε
2) (267)
it is easily seen that we need only the trace over the color indices of the expression (267)
expanded to the order O(ε3). We have then up to the terms which do not contribute to the
final expression after the symmetrization over the direction of ε
TrC((Ω+Ω− − 1)(Γν(x, ε) + Γν(x,−ε)) + Ω+[
→
Dν ,Ω−]− [Ω+,
←
Dν ]Ω−)
= −
2
3
(1− a)TrC((2 − 3a)(ε · A)[Dν , (ε · ∂)(ε ·A)] + (ε ·A)(ε · ∂)
2Aν) +O(ε
4).
(268)
Putting all the ingredients together we get
∆θ˜regµν =
1− a
8pi2
TrC
(
−
1
36
((2− 3a)(Aµ∂ν∂ ·A+Aα∂µ∂νAα +A · ∂∂νAµ
+Aµ[Aν , ∂ · A] +Aα[Aν , ∂µAα] +Aα[Aν , ∂αAµ])
+Aµ∂
2Aν + 2A · ∂∂µAν)
−
(1− a)3
72
(δµν(2A
4 +AαAβAαAβ)− 4({Aµ, Aν}A
2 +AµAαAνAα))
−
(1− a)
72
(δµν(2A · ∂∂ · A+Aα∂
2Aα)− 2(Aµ∂ν +Aν∂µ)∂ ·A
−2A · ∂(∂νAµ + ∂µAν)−Aµ∂
2Aν −Aν∂
2Aµ − 2Aα∂µ∂νAα)
+
1− a
6
(
δµνA
2
(
2m2 −
1
|ε|2
)
− 2AµAν
(
m2 −
2
|ε|2
))
−
1
9
(δµνAα[Dβ, Fβα] +Aµ[Dα, Fαν ]− 4Aν [Dα, Fαµ]
−Aα[Dα, Fµν ]−Aα[Dν , Fµα])
)
. (269)
Using the following identities
TrC(Aµ[Dα, Fαν ] +Aν [Dα, Fαµ]) = TrC(Aµ∂
2Aν +Aν∂
2Aµ − (Aµ∂ν +Aν∂µ)∂ ·A
+2Aα[∂αAν , Aµ] + 2Aα[∂αAµ, Aν ]
−Aα[∂νAα, Aµ]−Aα[∂µAα, Aν ]
+2{Aµ, Aν}A
2 − 4AαAµAαAν) (270)
39
TrC(Aα[Dν , Fµα] +Aα[Dµ, Fνα]) = TrC(2Aα∂µ∂νAα −A · ∂(∂νAµ + ∂µAν)
−2Aα[∂νAα, Aµ]− 2Aα[∂µAα, Aν ]
+Aα[∂αAν , Aµ] +Aα[∂αAµ, Aν ]
+2{Aµ, Aν}A
2 − 4AαAµAαAν) (271)
TrC(Aµ[Dα, Fαν ]−Aν [Dα, Fαµ]) = TrC(Aµ∂
2Aν −Aν∂
2Aµ − 2A · ∂[Aµ, Aν ]
−(Aµ∂ν −Aν∂µ + 2[Aµ, Aν ])∂ ·A
−Aµ[Aα, ∂νAα] +Aν [Aα, ∂µAα]) (272)
we get
∆θ˜regµν =
(1− a)2
48pi2
TrC
(
δµνA
2
(
2m2 −
1
|ε|2
)
− 2AµAν
(
m2 −
2
|ε|2
))
−
(1− a)
576pi2
TrC(8δµνAα[Dβ , Fβα]− 11(Aµ[Dα, Fαν ] +Aν [Dα, Fαµ])
−5(Aα[Dν , Fµα] +Aα[Dµ, Fνα])
+(1− a)(δµν(2A · ∂∂ ·A+Aα∂
2Aα) + (Aµ∂ν +Aν∂µ)∂ ·A
+A · ∂(∂νAµ + ∂µAν) + 4Aα∂µ∂νAα −Aµ∂
2Aν −Aν∂
2Aµ
+3([Aα, Aµ](∂νAα + ∂αAν) + [Aα, Aν ](∂µAα + ∂αAµ)))
+(1− a)2(δµν(2A
4 +AαAβAαAβ)− 4({Aµ, Aν}A
2 +AµAαAνAα)))
−
(1− a)
192pi2
TrC((a+ 6)(Aµ[Dα, Fαν ]−Aν [Dα, Fαµ]) + (a− 4)A · ∂Fµν
+(1− a)(Aµ∂
2Aν −Aν∂
2Aµ − 2A · ∂[Aµ, Aν ])); (273)
this is the formula (178).
References
[1] P. A. M. Dirac, Proc. Cambridge Phil. Soc. 30 (1934) 150;
R. Peierls, Proc. Roy. Soc., Series A 146 (1934) 420;
J. Schwinger, Phys. Rev. 82, (1951) 664;
K. Johnson, in Lectures on Particles and Field Theory, Lectures at Brandeis University
1964, ed. S. Deser and K.W. Ford, vol. 2 (Prentice-Hall, Inc., 1965), 1
[2] Z. Qiu, H. Ren, Phys. Rev. D38 (1988), 2530;
B. Banerjee, H. Banerjee, Z. Phys. C39 (1988), 89
[3] P. Osland, T. T. Wu, Z.Phys.C55 (1992) 569; Z.Phys.C55 (1992) 585; Z.Phys.C55
(1992)593;
C.Newton, P. Osland, T. T. Wu Z.Phys. C61 (1994), 441;
[4] R.Jackiw, In: S.B. Treiman, R. Jackiw and D. Gross, Lectures on Current Algebra and
its Application, Princeton University Press, Princeton 1972; C.G. Callan, S. Coleman,
R. Jackiw: Ann. Phys. 59 (1970) 42.
40
[5] W.A. Bardeen, Phys.Rev.184 (1969) 1848
[6] S. M. Christensen, Phys. Rev D14 (1976), 2490; Phys. Rev D17 (1978) 946;
S. L. Adler, J. Lieberman, Y. J. Ng, Ann. Phys. 106 (1977), 279;
S. L. Adler, J. Lieberman, Ann. Phys. 113 (1978), 294;
R. M. Wald, Phys. Rev D17 (1978) 1477;
P. A. J. Liggatt, University of Cambridge preprint DAMTP 79/15 (unpublished)
[7] P. Gilkey, Index Theorems and Heat Equation, Publish or Perish, Berkeley, 1975
P. Gilkey, J. Diff. Geom. 10 (1975) 295
[8] B. DeWitt, Dynamical Theory of Groups and Fields, Gordon and Breach, New York,
1965;
B. DeWitt, Phys. Rep. 19C (1975) 295;
R. Seeley, Am. Math.Soc. Proc. Symp. Pure. Math. 10 (1967)288; CIME (1968) 167
[9] R.D. Ball, Chiral Gauge Theory, Phys. Reports 182 (1989) 1
[10] J. Schwinger, Phys. Rev. 82 (1951) 664;
S. Adler: Phys. Rev. 177 (1969) 2426;
J.S. Bell, R. Jackiw: Nuovo Cim. 60A (1969) 47;
C. Hagen, Phys. Rev. 177 (1969) 2622;
R. Jackiw, K. Johnson, Phys. Rev. 182 (1969) 1459;
S. L. Glashow, R. Jackiw, S.S. Shei, Phys. Rev. 187 (1969) 1916
[11] S. D. Joglekar, G. Saini, Phys. Rev. D43 (1991), 1355; Phys. Rev. D45 (1992), 3818;
Ann. Phys. 229 (1994), 76
[12] S. Coleman, R. Jackiw: Ann. Phys. 67 (1971) 552;
M. Chanowitz, J. Ellis: Phys. Rev. D7 (1973) 2490;
S. Adler, J.C. Collins, A. Duncan, Phys. Rev. D15 (1977) 1712.
[13] S.B. Treiman, R. Jackiw and D. Gross, Lectures on Current Algebra and its Application,
Princeton University Press, Princeton 1972;
S. B. Treiman, R. Jackiw, B. Zumino, E. Witten, Current Algebra and Anomalies (Prince-
ton University Press/World Scientific, Princeton/Singapore, 1985;
R.A. Bertlmann, Anomalies in Quantum Field Theory (Clarendon Press, Oxford 1996);
[14] K. Johnson, Phys. Lett. 5 (1963), 253;
A. Das, V.S. Mathur, Phys. Rev. D33, (1986), 489;
L. F. Urrutia, J. D. Vergara, Phys. Rev. D45 (1992), 1365
[15] H. Banerjee, R. Banerjee, Phys. Lett. 174B (1986) 313
H. Banerjee, R. Banerjee, P. Mitra, Z. Phys. C 32 (1986) 445
W. A. Bardeen, B. Zumino, Nucl. Phys. B244 (1984) 421
K. Fujikawa, Phys.Rev. D 31 (1985) 341
[16] J. Wess, B. Zumino, Phys. Lett. B 37 (1971) 95
41
